STATISTICAL PROPERTIES OF LEAST SQUARES ESTIMATORS

Recall:
Assumption: E(Y[|x)=!,+! x (linear conditiond mean fundion)

Data: (Xli yl)! (XZ! yz)’ E ' (Xn’ yn)

Least squaes estimator: E (Y|x) = 7}, +7},X, where

. SXY o oas
"7 SxX 0= Y R
SXX =" (x-X)*=" X(X -X)
SXY =" (%-X)(Yi-¥)=" (x-X)V

Comments:

1. So far we have estimates of theparameters! ;and ! ;, buthave noidea how goodthese
estimates are.

2. If our daawere theentire population, we could also use the same least squaes
procedure to fit an approximate lineto the conditiond sample means

3. If we have asimple randomsample from the population and also assume that e|x
(equivaently, Y|x) isnormal with condant variance, then theleast squaes estimates are
the same as the maximum likelihoodestimates of ! , and! ;.

Properties of ", and " :

X" X))V
1)n_SXY_ﬁ(I )yl_#n(xillx)y_"nc
T SXX SXX T Texx T
wherec = & =%)
SXX

Thus If thex/'sarefixed (asin thebloodlactic acid example), then @ is a linear
combination of the y,'s.

Note: Here we want to think of each y; as an observation fromarandomvariable Y; with
distribution Y|x. Sayingtha they,@ areindgendent isthesame as saying tha theY,@
are indgopendent randomvariables. Thus if they,3 are indgpendent and each Y|x is
nomal, then 7, isalso nomal. If theY|x'sare notnormal butnislarge then 7, is
approximately nomal. Thiswill allow usto do inference on /. (Details later.)

2)" ¢=" X X _ 1 4 (x." X) =0 (as seen in establishing the alternate
SXX SXX

expression for SXX)



"X 1 XX
3)" X =" X (" X = Exi(xi_?c)zs =1
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Remark: Recall the somewhat andogouspropetiesfor theresiduds & .
. : 13 \ \ . N
4HR=y-9x = —Eyi- qup‘( = E(%-cii)yi , dso alinear combinaion of they;'s,
nos i=1 i=1

hence E

5) Thesum of the codficientsin (4) is E(%— cX) = E(l)— )_CECi = n(l)" X0 =1.
i=1 R i=1 n

Sampling distributions of 7}, and 4:
Consder x,, E , x, asfixed (i.e, conditiononx,, E , x,).

Model Assumptions ("The" Simple Linear Regression Model Version 2):

1. E(Y[x)=!,+! X (linear conditiond mean fundion)
2. (NEW)Va(Y|x) = #* (Equivaently, Var(e]x) = #°) (congant variance)
3. (NEW) vy, E ,y,areindgendet observations (indgrendence)

Thenew assumption meanswe can consder y,, E .y, ascomingfromnindgendent
randomvariablesY ;, E ,Y,, where Y, hasthedistribution of Y|x.

Comment. We do not assume tha thex;'sare digtinct. If, for example, x, = x,, thenwe are
assumingthat y, andy, are independent observationsfrom the same conditiond
distributon Y |x,.

SineY,, E ,Y,arerandomvariables, sois # -- butit dgpendson the choice of x,, E ,
X,, SO we can talk aboutthe conditiond distribution #, |, E , X,.

Expected value of ", (asthey,'svary):

E(ﬁllxl’ E ! Xn) = E(" CiYi IXla E ) Xn)
i=1

=" Ci E(Yilxl! E ’ Xn)

=" ¢ E(Y{|x) (snceY, dependsonly onx,)
=" (o+!X) (modd assumption)

=l g+l ox

=1, 0+!,1=1,

Thus 9 is an unbiased estimator of n,.



Variance of 9§ (asthey'svary):

Var(” |x, E , X)) = Var(EcY|x1,E X,)

"c Var(Y X, E ,X.)

" c?Var(Y;[x) (snceY, dependsonly onx,)
" C'Z#Z

#21:

((xSX ;)) (definition of c)
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For short: Var(n,) =

$Sb(")= m

Comments. Thisisvagudy andogousto the sampling standard deviationforamean y':
populationstandarddeviation
Jsomething

However, here the"something," namely SXX, is more complicated. But we can till
andyze this formulato see how the standad deviation varies with the conditionsof
sampling. For y, thedenominaor isthesquae rootof n, so we see tha as n becomes
larger, the sampling standad deviation of y gets smaller. Here, recalling tha

SXX =" (x-X)? wereasontha:

SD(estimator) =

¥ |If thex/'sarefar from X (i.e, spread ouf), SXX is S0 SD(R) is
¥ If thex/'sarecloseto X(i.e, closetogdher), SXX is s0 SD(7,) is
Thusif you are designing an experiment, choosng thex;'sto be fromthar

mean will result in amore precise estimate of 7,. (Assuming al themodd conditionsfit!)

Expected value and variance of 1),:

. R \ P . . _
Using theformula 7, = E (==c¢X)y,, caculations(left to theinterested student) similar
=1 N
to those for 4 will show:
¥ E(R)=!, (So ”, isan unbiased estimator of ! .)



1 x?
¥ Va(n)=ol]—+ , SO
(71) (n SXX)

. 1 x?
SD(6) = oy —+
(%) \In SXX

Andyzingthevariance formula

¥ Alarge x givesa variance for 1, .
% Does this agree with intuition?
¥ A larger sample size tendsto give a variance for 9.
¥ Thevariance of %, is (exceptwhen X < 1) than thevariance of
f.

% Does this agree with intuition?
¥ Thespread of thex;'s affects thevariance of /), in thesame way it affects the variance

of §.
Covariance of 1, and§: Similar calculations(left to the interested student) will show

Cov(”,,7 =y T

("0, ) XX

Thus

¥ @, and”, arenotindgpendent (except possibly when )

% Does this agree with intuition?
¥ Thesignof Cov(7,, §) isopposte tha of x .
% Does this agree with intuition?

Estimating o’: To use thevariance formulas abovefor inference, we need to estimate #2
(= Var(Y|x), thesameforal i).

First, some plausgble reasoning: /f we had lots of observationsy, .y, ,....y
Y|, then we could use the univariate standard deviation

I @ _
m_lz(yij _Yi)

of these m observationsto estimate #°. (Here ¥, isthemean of y, .y, ,....y, , which would
beour best estimate of E(Y| x;) jug usng y,,y,,....y;. )

We don'ttypically have lots of y'sfrom onex;, so we mighttry (reasoning that
B(Y | x,)) is our best estimate of E(Y|x))

LSy, - Brixr
n-1 i=1

. from

L



However (jud asin theunivariate case, we need adenomnaor n-1 to get an unbiased
estimator), alengthy calculation (omitted) will show that

E(RSS|x,, E , x,) =(n-2)#?
(where the expected valueis ove all samples of the y,'s with the x;'s fixed)
Thuswe use the estimate

& = —

RSS
n —
to get an unbiased estimator for #*

E('6°|x, E , x,) = #2.

[If youliketo think heurigtically in terms of loang onedegree of freedomfor each
calculation from datainvolved in the estimator, this makes sense: Both 7, and#), nead to
be calculated fromthedatato get RSS]

Standard Errors for ", and”: Using

A ,RSS
o =
n" 2
as an estimate of # intheformulasfor SD(”,) and SD(#,), we obtain the standard
errors

. '6
se U0 = 7oxx
and
R D &
s.e.( ﬁo) = 0. ;'*‘ SXX

as estimates of SD( %)) and SD( ), respectively.



