LEAST SQUARES REGRESSION

Our only assunption so far for the Simple Linear Modd:
I. E(YIx)="!1,+"!x (linear mean function)

[Picture]

Goal: To estimate ! , and ! | from data.

Data: (Xls YI)s (Xzs Y2)s e (an yn)

Notation:
¥ The estimates of ! jand ! |, will be denoted by ", and 1#),, respectively. They

are called the ordinary leag squares (OLS) estimatesof ! ;and ! ,.
E(YIx)=7n, +8x=Y

The line y = ©) + @ x is called the ordinary leag squares (OLS)line
¥ =m/ +8x,  (i"fitted valueor i" fit)

8=y,-9 (i" residual)
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Se-up:
1. Consider lines y = h, + h;x.
2. di=y;-(hy+hix)
3. B, and § will be the values of h, and h, that minimize " d;”.

More Notation:
¥ RSS(h,,h) =" d (for Residual Sum of Squares).
¥ RSS=RSS(#H,,8)=" &°-- "the" Residual Sum of Squares (i.e., the

minimal residual sum of squares)

Solingfor ), and 9§:
¥ We want to minimize the function RSS(h, ,h)) =" d>=" [y, - (h, + h;x)]?
¥ [Recall Demo]

¥ Visually, there is no maximum.
¥ RSS(h,,h;)) = 0
¥ Therefore if there is a critical point, minimum occurs there.

To find critical points:

"RSS
m (hp,h) =" 2[y; - (hy + h;x)](-1)
0
RSS
W(hOahl) =" 2ly; - (hy + h;x)](-x)

So 8§, § must satisfy the normal equaions



"RSE . . .
" (6,9) =" (Dly- (", + 8xp] =0

... RSE . .. . . :
(i1) " (6,,8)=" (Dly;- (B + Bx)Ix; =0

Cancelling the -2's and recalling that ¢,=y; -, these become

)

In words:
Visually:
Note: (i)’ implies é =0 (sample mean of the ¢,'s is zero)

To solve thenormal equaions
(1)# n y__u no_ n Xi

# ny -nR, - ",(nX)=0
#y- no - ﬁl)_c =0
Consequences:
¥ Can use to solve for ", once we find §: " =y -G§Xx
¥ y=19 + §Xx , which says:
Note analogies to bivariate normal mean line:
¥ $,,=EY)-%,EX) (equation 4.14)
¥ (uy,My) lies on the (population) mean line (Problem 4.7)
(ii) # (substituting 17,=y -QX)
lyi-( - '01)_5 + ﬁlxi)]xi =0
#" [(yi- ) -8(x-X)Ix =0
# X (yi-Y)-8" x(x-X)]=0

PDETCS))

#as E:xi(xi_)_c)

Notation:
¥ SXX =" x(x,-X)



¥ SXY =" x(y;-VY)
¥ SYY="yi(yi-V¥)

So for short:
” SXY

boSXX

Useful identities:
. SXX=" (x,-X)*
2. SXY =" (x-X)(yi-¥)
3. SXY =" (x,-X)y;
4. SYY =" (y,-¥)

Proof of (1):
" (x-%)
=" [x(x-X)- X(x;-X)]
=" x(x;-X) - X" (x-X),
and
T (x-x)=" X;-nx
=nX -nX =0

(Try proving (2) - (4) yourself!)

Sunmarize;
. SXY
4= SXX
boz y 'qi
_g SXyo
=Y TSxx

Connection with Sample Correlation Coefficient
Recall: The sanple correlation codficient

cov(x,y)

r=r(xy) = p(xy) = sd(x)sd(y)

(Note that everything here is calculated from the sample.)

Note that

| -

obv (x,y) = Cx-X) (- Y)

S
|
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[sdX))P = —=" (x;-X)’
n"1
-1 ooxx
n"1
and similarly,
[sd(y)]* = iSYY
=01
Therefore:

o Lo I’
[sd(x)]*[sdy)]®
#1 & )
Yol (5XY)
Z# 1 SXX(%E 1 SYY&
R TR
(SXy*
(SXX)(SYY

Also,
rsd(y) _cov(x,y) sdy)

sd(x) sd(x)sd(y) sdX)
cov(X,Y)

sd(x)*

1
—_SXY
n-1

L SXX

n-1
SXY

TOSXX

For short:

f=r

NN N

Recall andnote theanalogy: For a bivariate normal distribution,

E(YIX =x) =8y, + %X (equation 4.13)

where %= "—



More onr:
Recall:
Fits ¥,
Residuals

[Picture]

=", +14x;

ZYi'(bo"‘ﬁlXi)

RSS(hy ,h)) =" d12

RSS =RSS(7},,8) =" @°-- "the" Residual Sum of Squares (i.e., the minimal
residual sum of squares)

602 y - 'qi
Calculate:

RSS=" ¢ ="y, - (& +"x)I

="y
"Ly, - 3) A% - OF
"Ly - Y)Y 28(x- X))y - V) + B(x- X))

- (y 'fhi) 'fhxi ]2

=" (y; - ¥ -20" (x- Xy - V) + 8 (x- %)’
SXY " SXY%
=SYY - 2—SXY %— SXX
&
_SYY- M
SXX
# 2 &
=SYYYo ﬂ{
0 (SXX)(SYY
=SYY(l-r)
Thus
c
1-t2= R_S“,
SYY
SO
e RSS SYY' RSS
~ SYY  SYY
Interpretation: [Picture]
SYY =" (y,- ¥)*is a measure of the total variability of the y;'s from y .
RSS =" @7 is a measure of the variability in y remaining after conditioning on x

(i.e., after regressing on x)

So



SYY - RSS is a measure of the amount of variability of y accounted for by
conditioning (i.e., regressing) on X.

Thus
YY - RSS . e
= SS—YY is the propottion of thetotal variability in y accounied for by
regressing onx.

Note: One can show (details left to the interested student) that SYY -RSS =" (9, - ¥)?
ver(y)
ver(y,)
accounted for by regression on X.

and ﬁ =y, so that in fact r* = , the proportion of the sample variance of y



