STATISTICAL PROPERTIES OF LEAST SQUARES ESTIMATORS

Situation:
Assumption: E(Y|x) =n, + n;X (linear mean fundion)

Data: (Xli yl)! (XZ! yz)’ E ' (Xn! yn)
Least squares estimator: E(Y[x) = & +7,x, where

. SXY v At
SXX L=y -}

SXX =3 (x-X)*= 3 x( % -X)

SXY =3 (%-X)(Yi-¥) =2 (X -X) Y
Comment: If we also assume e|x (equivalently, Y [x) is normal with congant variance,
then theleast squaes estimates are the same as the maximum likelihoodestimates of n,

and ;.

Propertiesof #, and ”,:

(x; = X)y,
SXY _ ;

. n (X n X) n

1 — — 1 = V.
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Thus If thex/'sarefixed (asin thebloodlactic acid example), then 7, isalinear
combination of they;'s.

Note: Here we want to think of each y, as arandomvariable with distribution Y|x. Thus
if they, @ are indegpendent and each Y |x isnommal, then ”, isalso nomal. If theY|x'sare
notnomal butnislarge then 7, is approximately normal. Thiswill alow usto do
inference on 4. (Details later.)

ALED) (’g);;) . s§< = (x %) = 0 (as seen in esablishing the ltemate
expression for SXX)
(X -%) _ 1 . SXX
3 .C = = = (X — =—=1
J2XG=2x% SXX sxxE X% =X) SXX

Remark: Recall the somewhat andogaus propeties for theresiduds €.
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5) Thesum of the coefficientsin (4) is E(l-c,.x) = E(l)- T = n(&)-50 = 1.
-1 1 =1 1 i=1 n

Sampling distributions of 7}, and §:

Consder x,, E , x, asfixed (i.e, conditiononx,, E , x,).

Modd Assunptions("The' Smple Linear Regresson Modd Version 3):

o E(Y|X)=ng+nX (linear mean fundion)
* Va(Y|x) = o® (Equivaently, Var(g]x) = o) (congant variance)
 (NEW) vy, E ,y,areindependent observations (indgrendence)

Thenew assumption meanswe can consder y,, E .y, ascomingfromnindgendent
randomvariablesY ;, E ,Y,, where Y, hasthedistribution of Y|x.

Comment: We do not assume tha thex;'sare distinct. If, for example, X, = Xx,, then we
are assuming that y, andy, are indgpendent observationsfrom the same conditiond
distribution Y |x,.

Sincey,, E ,y, arerandomvariables, so is #, -- butit dependson the choice of x,, E ,
X,, SO we can talk aboutthe conditiond distribution #|x,, E , X,.

Expected valueof ”, (asthey'svary):

E( nl|X1, E ' Xn) = E(qul IXli E ' Xn)

i=1

= Eci E(yilxli E ’ Xn)

=>¢ E(yi|x) (sincey,; dependsonly onx;)
=3¢ (M + MX) (modd assumption)

=N C + NG X

=n0+mnl=m,

Thus 7, isanunbiased estimator of 7,.

Variance of 7, (asthey'svary):

Var(flx, E %) =Var(Y ey, %, E %)
i=1

= Eciz Var(yilxli E ' Xn)



= Yc? Var(y|x) (sincey; dependsonly on x))

=yc’o’
=0°Y¢?
2( sx;:)) (definition of )
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For short: Var(n,) =

wsd(”) = ,—SXX

Comments. Thisisvagudy andogousto the sampling standard deviationforamean y':
population standard deviation

s.d. (estimator) = Jsomerhing

However, here the"something," namely SXX, is more complicated. However, we can
still andyze this formula to see howthe standard deviation varies with the conditionsof
sampling. For y, thedenominaor isthesquae root of n, so we see that as n becomes
larger, thesampling standad deviation of ¥ gets smaller. Here, recalling that

SXX =3 (% -X)? wereasontha:

* If thex/'sarefar from x, SXX is sosd.1,)is
* |fthex/'sarecloseto X, SXX is s0sd(Q)is
Thusif you are designing an experiment, choosng thex;'sto be fromthar

mean will result in amore precise estimate of §. (Assuming thelinear modd fits!)

Expected valueandvariance of 7, :

: ~ g1, : : _
Using theformula 7j,= # (=" ¢,X)y,, calculations(left to theinterested student) similar
i=1 n
to those for *, will show:
* E(9)=m, (So ”, isan unbiased estimator of n,.)
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Andyzingthevariance formula

* Alarge X givesa variance for 4.
— Does this agree with intuition?
* A large sample size tendsto give a variance for 1, .
* Thevarianceof " is(exceptwhen ¥ <1) than thevariance of
f.

— Does this agree with intuition?
* Thespread of thex;'s affects thevariance of 0, in thesame way it affects thevariance

of 4.
Covariance of ", and®: Similar calculations(left to the interested student) will show

r AN X
COV( 01771) - _OZ.S?(_X
Thus
* 1§, andn, are notindgpendent (except when )

— Does this agree with intuition?
* Thesignof Cov(#,,1,) isopposte tha of X .
— Does this agree with intuition?

Egtimating o*: To use the variance formulas abovefor inference, we need to estimate o*
(= Var(Y|x), thesameforal i).

First, some plausible reasoning: If we had lots of observationsy, .y, ,....Y;
Y|, then we could use the univariate standard deviation

[N N2
E; (yi,» -y)
of these m observationsto estimate o°. (Here ¥, isthemean of y; .y, ,....y,_, which would
beour best estimate of E(Y| x;) jug usng y,,y,,....Y,. )
We don'ttypically have lots of y'sfrom onex;, so we mighttry (reasoning that
E(YIx)) isourbest estimate of E(Y|x))
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However (jud asin theunivariate case, we need adenomnaor n-1 to get an unbiased
estimator), alengthy calculation (omitted) will show that

E(RSS| x, E , x,) =(n-2)0?
(where the expected valueis ove all samples of the y,'s with the x;'s fixed)

Thuswe use the estimate

& = ——RS¢
n-2

to get an unbiased estimator for o*

E(&|x, E ,X,) =~
[If youliketo think heurigtically in terms of loang onedegree of freedomfor each
calculation from daainvolved in the estimator, this makes sense: Both 8, and”, need to

be calculated fromthedatato get RSS]

Standard Errorsfor 4, and#,: Using

; RSS
&= ‘/—
n-2
as an estimate of o intheformulasfor s.d (”,) and s.d(4), we obtain the standard errors

6

s.e.(til):m
and
. L [1 . x?
S.e.( 0): ;'*‘ XX

as estimates of s.d () ands.d (), respectively.



