ESTIMATING PARAMETERS AND VARIANCE FOR ONE-WAY ANOVA
(Correspondsapproximately to Sections3.4.1 ©3.4.5)

Least Squares Estimates

Our modd (in itsvariousforms) involves variousparameters: u, o, they,'s, and thew;'s.
Our purpo< in doing an experiment isto estimate or compare certain of these parameters
(and sometimes certain fundionsof these parameters) usng our data.

Our daa are thevaluesy; for therandomvariables Y, tha we obsrvein our
expeiment. Inother words

Thedaa obtained fromtrestment 1 (or level 1 or population 1) arey,,, Yy, E Vi, s
the data obtained from treatment 2 (or level 2 or population 2) arey,,, Y, E , Yan s
and so on.

To estimate certain paameters or fundionsof them, we use themethod of least squares.
We illudrate theideafor the meansmodd:

Our modd isY;, = u; + &, We seek an estimate [, for w,. We would like to find
4,'swith the propety tha when we apply the estimated modd to the daa, theerrorsare
assmall as possible. In other words if our estimates are i, we would like the "estimated
error terms”’ (residuals) €, = y;, - i, to beas small as possible. (Be sure to distinguish
between errors €, and residuals €,.) But we want theresiduds g, to besmall collectively.
So we mighttry to minimize their sum. But postives and negative will cancel out, so this
doesn't readly seem like a very goodidea. We might try to minimize the sum of the
absolute values of theerrors. Thisisreasonable, but technically notvery easy. What does

work pretty well is to minimize the sum of the squared errors: Y. e2 = » Y2 . This
it i=1 t=1

amount to minimizing thefundion
f(m1! mZ! E ’ mv) = E(yiz _mi)2 ’

which we can do by calculus

Exercise: Do thecalculusto findtheleast squares estimates i, of they;'s.

Using least squaes for the meansmodd works out cleanly. However, if wetry least
squaes with the effects modd, we end up with thefollowing v+1 equaions("nomal
equaions') intheestimates & and 7, for u and the;'s, respectively:



(Theddails of obtaining the equaionsmight be ahomework problem.)

If we addthelast v equaions we get thefirst one Thuswe only have v indgpendent
equdionsinthev + 1 unknowns i, 7,, E , 7 -- so theeareinfinitely many solutions
To ge aroundthis problem, it is cusomary to impose the condraint

v

Y =0.

i=1

Thisgivesusv + 1 equdionsin thev + 1 unknowns, and thereis a uniquesolutionto this
set of n + 1 solutions Thecongraint is not unreasonable, since we are thinking of the *,'s
as measuring deviationsaround some common mean. (Actudly, thisis only reasonable if

thegroupsG, are equdly probably and exhaud all possibilities. If thegroupsare not

equdly probable, taking condraint E p.7, = 0, where p, isthe probability of G;, would be
i=1

more reasonable; details of why are left to theinterested student.)

Comments:

1. Students who have had regression may wish to think abouthowthe necessity of
imposng an additiond condraint here is connected to theneed to haveonly v - 1
indicator variables for a categorical variable with v categories in regression.

2. Notethat, even thoughthe nomal equaionsdo not have auniquesolutionfor i, 7,,
E , 7,, thelast v equaionsdo give auniquesolutionfor each 1 + 7, -- thesame one
obtained for @, by usngleast squares with themeansmodd. Similarly, by subtracting
pars of thelast v equaions we can obtain uniquesolutionsfor thedifferences 7, - 7, --

that is, there are uniqueleast squaes estimators for the differences t, - t; (thepar-wise
differencesin effects). Thefundionsof theparametersu, T, E , T, that do have unique
least squares estimates are called estimable functions. Y oucan read alittle more about
themin Sections3.4.1 and 3.4 4.

3. Fundionsof the parameters that have theform Ec,.ri where E c,=0arecaled

i=1 i=1
contrasts. For example, each difference of effectst, - t;isacontrast. Thisiscertainly a
quantity tha is often of interest in an experiment. Other contrasts, such as differences of
averages, may beof interest aswell in certain experiments.

Example: An experimenter istrying to deerminewhich type of nonrechargeable batery
ismog econonical. He tests five types and measures thelifetime per unit cod for a
sample of each. He dso isinterested in whether alkaline or heavy-duty batteries are mos
econonical asagroup.He has selected two types of heavy duty (groupsl and 2) and
three types of akalinebateries (groups3, 4, and 5). So to study his secondquestion, he



teststhedifferencein averages, (t; +7,)/2 - (t; + T, + 15)/3. Note tha thisis a contrast,
since thecodficientsumis1/2 + 1/2-1/3-1/3- 1/3=0.

Similarly, it can be shown tha every difference of averagesis acontrast.

Exercise: Every contrast Ec,.ri isalinear combination of the effect differences, - t; and

i=1

is estimable, with least squares estimate Ec,.fi = Ecii.

i=1 i=1

4. Since each Y, hasthedistributionof Y; and Y, ~ N(u,, o), it follows from standard
propeties of expected valuestha E(Y..) = w,. SncetheY,/'sareindgendeant, it follows
from standad variance calculationsand propeties of nomal randomvariablestha Y, ~
N(Mi! 02/ri)'

Exercise: Go throughthe details of comment (4). Also verify tha theleast squaes
estimator EQZ- of thecontrast Ec,.ri (Where E‘% = 0) has nomal distribution with

i=1 i=1 i=1

\ : Yiloy : :
mean Ecl.ri andvariance # —-"* . [Hint: You need to establish and use thefact tha the
i=1 i=1 i

Y.'sare indgpendent.]
Variance Estimate

If we jud consde asingle treatment group, thedaa for tha group give sample variance

Ti

E(yit_yi')z

Ti

— \2
2(Y-T.)
Thecorrespondingrandomvariable S>= = isan unbiased estimator for the
r[ —_—
popuktion variance 0% E(S?) = o (See Ross, Chapter 4 or Wackerly, Chapter 8if you
are notfamiliar with this.)

Asin our discussion of thetwo-sample t-test, the average of the S*swill then also bean
unbiased estimator of o° To take into accountdifferent sample sizes we will take a
weighted average
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S (or6°) =

Note that thedenominaor equds # " #1 =n-v.

L 1

Exercise: Check tha S is an unkiased estimator of o® -- that is, check that E(S”) = o°.

Note (using the ddfinition of S?) that thenumerator of Sis » ¥ (¥, - Y.) . This
i=1 t=1
expressionis called SSE -- the sum of squares for error or the error sum of squares. SO
the estimator for variance is often written as
S = SSE/(n-v).
This expressionis caled MSE -- themean square for error Or error mean square.

Theabovearerandomvariables. Thar values calculated fromthedaa are:

ssE = ii()’n - yi')z

i=1 t=1

-- dso called thesum of squares for error or the error sum of squares

msE = ssE/(n-v)

-- dso called themean square for error Or error mean square
& = msE -- the unbiased estimate of o? -- also denoted 6°.

Note:
* -V, issometimescaledtheir" residual, denoted ¢,. So SSE = )

* Many people use SSE and MSE for ssE and msE.

* Thisunbiased estimate of o” is sometimes called the within groups (or within
treatments) variation, Since it calculates the sample variance within each groupand
then averages these estimates.

\4

* Exercise (might be homework). SSE = E 2 yi,2 - 2 ry.

i=1 t=1 i=1



