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Discontinuous Galerkin Solver for Boltzmann-Poisson Transients
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Abstract. We present results of a discontinuous Galerkin scheme applied to deterministic computations of
the transients for the Boltzmann-Poisson system describing electron transport in semiconductor devices. The
collisional term models optical-phonon interactions which become dominant under strong energetic conditions
corresponding to nano-scale active regions under applied bias. The proposed numerical technique is a finite
element method using discontinuous piecewise polynomials as basis functions on unstructured meshes. It is
applied to simulate hot electron transport in bulk silicon, in a silicon n+-n-n+ diode and in a double gated 12nm
MOSFET. Additionally, the obtained results are compared to those of a high order WENO scheme simulation.
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Introduction

In modern highly integrated devices, a consistent de-
scription of the dynamics of carriers is essential for a
deeper understanding of the observed transport pro-
perties. The semi-classical Boltzmann-Poisson system
is used and given by, for E = −∇xV ,

∂f
∂t

+ 1

~
∇kε · ∇xf − q

~
E · ∇kf = Q(f), (1)

divx(ǫr(x)∇xV ) = q
ǫ0

[ρ(t,x) − ND(x)] ,

which provides a general theoretical framework for
modeling electron transport. Time-dependent solu-
tions of the Boltzmann-Poisson system contain all the
information on the evolution of the carrier distribu-
tion. In Eq. (1), f represents the electron probability
density function (pdf ) in phase space k at the physical

location x and time t. E is the electric field and ε is
the energy-band function. Physical constants ~ and q
are the Planck constant divided by 2π and the posi-
tive electric charge, respectively. The parameter ǫ0 is
the dielectric constant in a vacuum, ǫr(x) labels the
relative dielectric function depending on the material,
ρ(t,x) is the electron density, and ND(x) is the do-
ping. The collision operator Q(f) describes electron-
phonon interactions where most important ones in Si
are due to scattering with lattice vibrations of the cry-
stal, which are modeled by acoustic and optical non-
polar modes with a single frequency ωp, i.e.

Q(f)(t,x,k)

=

∫

R
3

[S(k′,k)f(t,x,k′) − S(k,k′)f(t,x,k)] dk′,
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where S(k,k′) is defined by

S(k,k′) = K0(k,k′) δ(ε(k′) − ε(k)) + K(k,k′)

× [(nq + 1)δ(ε(k′) − ε(k) + ~ωp)

+ nq δ(ε(k′) − ε(k) − ~ωp)] .

The phonon occupation factor is

nq =

[

exp

(

~ωp

kBTL

)

− 1

]

−1

where kB is the Boltzmann constant and TL = 300◦K
is the constant lattice temperature. The symbol δ in-
dicates the usual Dirac distribution. The scattering
kernels K0(k,k′) and K(k,k′) model transition prob-
abilities corresponding to acoustical and absorption or
emission events for Si devices respectively. They have
been modeled by constant values, exactly as in [2],
page 6, and also used in [3], where detailed descrip-
tions of all parameter values and units, as well as the
values of the phonon energies, deformation potentials
and effective mass, are given. In this way our present
simulations are benchmarked to those of [2] and [3],
which have already been compared to DSMC based
codes for the same effective and physical parameters.

1. Numerical method

Very recently, deterministic solvers to the
Boltzmann-Poisson system (1) for two-dimensional
devices were proposed [1–3, 7]. These methods pro-
vide accurate results which, in general, agree well
with those obtained from Monte Carlo (DSMC) si-
mulations, often at a fractional computational time.
Moreover, they can resolve transient details for the
pdf, which are difficult to compute with DSMC simu-
lators. The methods proposed in [2, 3] used weighted
essentially non-oscillatory (WENO) finite difference
schemes to solve the Boltzmann-Poisson system. The
advantage of the WENO scheme is that it is rela-
tively simple to code and very stable even on coarse
meshes for solutions containing sharp gradient re-
gions. A disadvantage of the WENO finite difference
method is that it requires smooth meshes to achieve
high order accuracy, hence it is not very flexible for
adaptive meshes. We report in this manuscript a
discontinuous Galerkin (DG) method for solving the
Boltzmann-Poisson system as developed in [5]. The
DG method is a finite element method using discontin-
uous piecewise polynomial basis functions and relies on
an adequate choice of numerical fluxes, which handle
effectively the interactions across element boundaries.

See for example the review paper [6] and references
therein. Recent development of the locally discontinu-
ous Galerkin methodology allows us to adopt a unified
discretization strategy to handle all spatial deriva-
tives in semiconductor device models including the
Boltzmann-Poisson system [5, 8, 9], with an L2 stable
and locally conservative scheme having the potential
for full h-p adaptivity.

2. Transformed equations and computational

results

The transport equation (1) is written in band
energy-spherical coordinates that can handle the sin-
gular energy masses in the scattering terms [10]. In
fact, we perform a coordinate transformation for k ac-
cording to

k =

√
2m∗kBTL

~

√

w(1 + kBTLαw)
(

µ,
√

1 − µ2 cosϕ,
√

1 − µ2 sin ϕ
)

,

where the new independent variables are the dimen-
sionless band energy w, the cosine of the polar angle
µ, and the azimuthal angle ϕ. The physical parameter
α is related to the crystal conduction band. The new
unknown charge distribution is

Φ(t, x, y, z, w, µ, φ) = s(w)f̃(t, x, y, z, w, µ, φ) ,

where s(w) =
√

w(1 + ακw)(1 + 2ακw) is related to
the Jacobian of the coordinate transformation and the
density of the states; and f̃ denotes f in the new vari-
ables. The corresponding transformed dimensionless
Boltzmann equation remains in conservative form [2].
The corresponding free streaming operator depends on
the electric field E. In particular, the numerical fluxes
for the DG approximation should be taken carefully
in an upwind fashion. For other details and physical
constants we refer to [2–4] and the forthcoming publi-
cation [5].

3. Numerical results

For a 12 nm double gate MOSFET device (Fig. 1),
Fig. 2 shows the hydrodynamic moments. In parti-
cular we stress the capability of DG solves to capture
expected strong energy effects near the gates.
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Figure 1: Double gate MOSFET
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Figure 2: Symmetric half mirror simulation at 2 ps (statio-
nary regime). Top: Kinetic energy (eV) Middle: x-
component of the mean velocity (cm/s); Bottom: y-
component of the mean velocity (cm/s).

For the one dimensional silicon n+ − n − n+ 50nm
channel diode, where the doping ND = 5× 1018 cm−3

in the n+ and ND = 1 × 1015 cm−3 in the n region.
We use a non-uniform grid with 64 × 60 × 20 cells in
the (x, w, µ) domain. The applied voltage is 1eV in all
simulations. The simulation results at steady states
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for t = 2ps are shown. Figure 3 shows a computed
stationary pdf at the location x = 0.125 micron in the
middle of the 50 nm channel, both in the scaled band
energy-spherical and cartesian coordinates in velocity
space.
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Figure 3: pdf in the stationary regime at the middle of the
50nm channel device. Top: the scaled pdf Φ in the (w,µ) co-

ordinates; bottom: the pdf f in (k1,
√

k2

2
+ k2

3
) coordinates.

A comparison between WENO vs DSMC, in Fig. 4,
is performed for a 50nm channel. Figure 5 shows DG
results using different meshes.
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Figure 4: Comparisons for the 50 nm channel at 1eV Vbias
time 2ps; full BP system by the DSMC method (solid line)
and by the deterministic WENO solver (dashed line). Left:
mean velocities in cm/sec; right: kinetic energies in eV .
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Figure 5: Comparisons for the 50 nm channel at 1V Vbias
time 2ps. DG scheme with non-uniform mesh. Left: mean
velocities in cm/sec; right: kinetic energies in eV .

Finally, a comparison between DG and WENO for a
400nm channel is shown in Fig. 6. We note the su-
periority of the DG scheme to compute the numerical
moment (Fig. 6, top left).
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Figure 6: Comparisons for the 400 nm channel diode be-
tween WENO and DG solvers at 1V Vbias and 5ps. Top:
current (first moment), mean velocity. Bottom: kinetic en-
ergy, electric field.
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The transient behavior for a simple bulk device with
a constant electric field (30KV/cm) is shown in [4]
Fig. 1-3, where the numerical DG and WENO vs
DSMC solutions are compared.
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