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ABSTRACT. The existence of global-in-time weak solutions to the one-dimen-
sional viscous quantum hydrodynamic equations is proved. The model consists
of the conservation laws for the particle density and particle current density,
including quantum corrections from the Bohm potential and viscous stabiliza-
tions arising from quantum Fokker-Planck interaction terms in the Wigner
equation. The model equations are coupled self-consistently to the Poisson
equation for the electric potential and are supplemented with periodic bound-
ary and initial conditions. When a diffusion term linearly proportional to the
velocity is introduced in the momentum equation, the positivity of the parti-
cle density is proved. This term, which introduces a strong regularizing effect,
may be viewed as a classical conservative friction term due to particle inter-
actions with the background temperature. Without this regularizing viscous
term, only the nonnegativity of the density can be shown. The existence proof
relies on the Faedo-Galerkin method together with a priori estimates from the
energy functional.

1. INTRODUCTION

Diffusive corrections in quantum models are of great importance in open quan-
tum systems modeling, for instance, an electron ensemble interacting with a back-
ground heat bath. Applications of such systems include quantum semiconductor
structures in which non-classical diffusive effects may be relevant in some regimes.
Caldeira and Leggett [3] and Didsi [8] have derived closed equations for a dissi-
pative quantum-mechanical system related to quantum Brownian motion. Their
approach was later improved by Castella et al. [4] and leads to a Wigner equa-
tion with Fokker-Planck-type operator modeling interactions that may take into
account basic quantum and classical mechanisms. Thus, one may interpret the
Wigner-Fokker-Plank equation as a quantum Liouville equation equated to an in-
teraction operator of quantum Fokker-Planck type.
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Motivated by multi-scale modeling and by the fact that computational ap-
proaches for the Wigner-Fokker-Plank equation are expensive, due mainly to its
high dimensionality (see for example [11] and references therein), associated macro-
scopic models were derived in an effort to produce asymptotically correct macro-
scopic reductions. For instance, employing a moment method and a suitable closure
condition to the classical Wigner equation in the absence of interactions, quantum
hydrodynamic equations are obtained [7, 15]. Another derivation comes from the
mixed-state Schrodinger system via the Madelung transform [16].

When particle interactions are taken into account, a non-classical (quantum)
Fokker-Planck interaction operator balances the Wigner equation, with classical
and non-classical second-order derivative terms (that may be interpreted as viscous
terms) appearing in the macroscopic model. We refer to [17, 21, 23] for a deriva-
tion of a non-classical viscous perturbation due to quantum interactions and to
[13, 14] for an analysis of stationary quantum-regularized models with a classical
mass-conservative viscous effect. This leads to a broad class of wviscous quantum
hydrodynamic equations, which are the subject of this paper.

The (scaled) viscous quantum hydrodynamic equations in one space dimension
for the particle density p, the velocity u, and the electric potential V' read as follows:

(1) pt + (pu)z = VPza,

2
@ )+ (o + (o) = Ve = (D

(3) NV = p— C(x),

) = V(pu)zz + eUgy — &7
T T

The pressure p(p) is assumed to depend on the particle density; typical examples
are p(p) = pop® for some pg > 0 and o > 1. The function C(x) is the doping profile
modeling charged background ions in, for instance, semiconductor crystals. The
viscosity v > 0 is related to effects depending also on the scaled Planck constant
0 > 0 through the well-known Lindblad condition. This condition guarantees the
quantum mechanically correct evolution of the system and the convergence to the
classical Fokker-Planck dynamics from stochastic calculus as § — 0 (see [3, 8, 27]).
The parameter 7 > 0 models momentum relaxation time due to classical friction
mechanisms, and the parameter € accounts for classical mass-conservative viscous
effects due to classical particle-particle and particle-lattice interactions. Finally,
A > 0 is the scaled Debye length of the device.

Equations (1)-(3) are considered on the one-dimensional torus T (with size one)
and are complemented with the initial conditions

4) p(0,-) = po, (pu)(0,-) = poug in T.

Equation (1) expresses a mass balance law that becomes mass conservative with
respect to the effective current density Jy = pu — vp,. The second equation is
the classical balance equation for the particle current density or momentum pu
including the electric force term pV,, the relaxation-time term —pu/7, and the
quantum correction with the Bohm potential (,/p)z«//p. The electric potential V'
is self-consistently given by the Poisson equation (3). In the absence of viscous and
quantum effects, i.e. v = ¢ = § = 0, the above equations represent the hydrody-
namic semiconductor equations [2]. When no viscous effects are present, v = ¢ = 0,
we obtain the quantum hydrodynamic equations, studied in, e.g., [13, 14, 20]. For
more recent papers, we refer to [1, 19, 26, 28, 29].
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The viscous quantum hydrodynamic model for € = 0 can be derived from the
Wigner-Fokker-Planck equation by a moment method [17, 23]. The viscous regu-
larizations arise from the quantum Fokker-Planck interaction operator. More pre-
cisely, the part of the scattering operator yielding the non-classical viscous terms
is proportional to

Qqrp (W) = Vwyy,
where w(x, k,t) is the Wigner function on the position-wave vector space (z, k),
and v > 0 depends on the quantum friction. Introducing the moments p = f]R3 wdk
and pu = [, wkdk gives

/ Qqrp(w)dk = vpgy, / Qaqrp(w)kdk = v(pu)e,
R3 R3

which are the non-classical viscous terms in the quantum fluid system (1)-(2), re-
spectively. In this view, they are not artificial regularizations, but coming from
the choice of the quantum interaction operator of Fokker-Plank type in the Wigner
equation.

The classical diffusive velocity term proportional to € > 0 can be obtained from
a part of the rescaled first moment in the quantum interaction operator

Quare(w) =<0 ().

since
w

R3 fRS wdk
wk’
R3 fRS wdk

There are only few mathematical results for these viscous quantum hydrody-
namic model due to difficulties coming from the third-order derivatives in the
quantum correction. The existence of classical solutions to the one-dimensional
stationary model with ¢ = 0 and with physical boundary conditions was shown
in [23]. The transient equations are considered in [5, 6, 9], and the local-in-time
existence and exponential stability of solutions were proved. Global-in-time solu-
tions in one space dimension are obtained if the initial energy is assumed to be
sufficiently small [5]. In [23, 24], numerical solutions of the model and applications
to resonant tunneling diodes were presented. We also mention that in the inviscid
case (v = & = 0) there is a recent proof of non-global-in-time existence for a quan-
tum hydrodynamic equation (corresponding to a reduced model in the absence of
the coupling with the Poisson equation) in bounded domains with prescribed data
corresponding to high boundary and initial energy [12].

However, no global-in-time existence result without smallness conditions seems
to be available up to now for the transient system (1)-(3). In this paper, we prove
such a result, first for the full system with € > 0 and then, by passing to the limit
e — 0, we obtain a global existence result for the non-classical viscous quantum
hydrodynamic model (1)-(3) with e = 0.

The main problem of the existence analysis lies in the strongly nonlinear third-
order differential operator and the dispersive structure of the momentum equation.
There are several attempts in the literature to deal with the quantum term. In-
tegrating the stationary momentum equation leads to a second-order differential

/ Qrqrp (w)dk' = 0} dk' =0,
R3

/ Q.qrp(w)k'dk’ = €02
]Rfi

dk’ = s&%ﬂ = EUyy.
p
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equation to which maximum principle arguments can be applied [13]. A fourth-
order wave equation is obtained after differentiating the equation with respect to
the spatial variable. This approach was employed in [25] to prove the existence of
global solutions to the quantum hydrodynamic equations with v = 0, but only for
initial data close to thermal equilibrium. The main idea of [5] was to introduce a
bi-Laplacian regularization in the viscous model and to employ energy estimates to
conclude local existence of solutions. Global existence of solutions to the inviscid
model ¥ = 0 with nonnegative particle density was achieved recently by a wave
function polar decomposition method [1].

In this paper, we pursue a different strategy. We employ the Faedo-Galerkin
method, introduced by Feireisl in [10] for the analysis of the classical compressible
Navier-Stokes equations, applied to (1)-(3) for € > 0 with the initial conditions (4).

The existence proof relies on the following ideas. First, for given u in a finite-
dimensional Galerkin space, we solve (1). Since u is given and (1) is parabolic for
€ > 0, a lower bound for the particle density can be concluded from the maximum
principle. Classically, this bound depends on the L°° norm of u, which is prohibitive
to set up the fixed-point argument. We prove that the lower bound for p depends
only on the L? norm of u, (Lemma 3).

In the second step we solve the Poisson equation and then the momentum equa-
tion in the Galerkin space, for given p, which yields the existence of local-in-time
solutions via Banach’s fixed-point theorem.

A priori bounds (and thus global-in-time existence) are obtained from the energy
inequality defined as follows. Let the enthalpy function h be defined by h'(y) =
P’ (y)/y for y > 0 and h(1) = 0, and let H be a primitive of h. Furthermore, let the
energy, consisting of the internal, kinetic, electric, and quantum energy, be given
by

P T 2
(5) Blpu)= | (H(p)+ 5o + F V2 + 5 (/)2 )d
Then we show that
dE 2 | 52 2 2
(6) - +v [ (pu +0°(Vp)og)dz + € | uide < K,
T T

where the constant K > 0 depends only on C(z), v, and X. This yields H? estimates
for \/p and, for fixed € > 0, L? estimates for u,, needed in the proof of the lower
bound for p.

We consider the one-dimensional equations since we need several times in the
proof the embedding H'(T) < L°(T) which is valid in one space dimension only.
We comment on the multi-dimensional situation in Remark 6.

Our first main result reads as follows.

Theorem 1. Let T > 0, ¢ > 0, and C € L?(T). Let the pressure function p €
C1([0,00)) be monotone and let the primitive H of the enthalpy satisfy H(y) >
ho(ly — 1) for all y > 0 and for some hg > 0. Furthermore, let the initial datum
(po,uo) € H*(T) x L>=(T) satisfy [ po(x)dx = [, C(x)dz, p(x) >no >0 forz €T
and for some ng > 0, and E(pg,ug) < co. Then there exists a constant n > 0 and
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a weak solution (p,u, V) to (1)-(3) satisfying

pt,x) >n>0 fort>0, z€T, VeL>®0,T;H*T)),
pe € L*(0,T; L*(T)),  (pu)s € L*(0,T5 H™*(T)),

p € L°°(0,T; H(T)) N L*(0, T; H*(T)),

u € L*(0,T; H (T)) N L*>(0,T; L*(T)),

where the lower bound n > 0 depends on €. The initial conditions (4) are satisfied
in the sense of H2(T).

The condition H(y) > ho(y — 1) is satisfied, for instance, if the pressure is given
by p(p) = pop®, where py > 0 and « > 0. The regularity of p and w implies that
pu € L*(0,T; HY(T)) and pu? € L*(0,T; WH(T)).

Let (pe,u:) be a solution to (1)-(3) in the sense of the above theorem. In the
limit € — 0 we loose the lower bound for p. since it depends on €. Furthermore, it
is not clear how to pass to the limit in p.u?, since we have only weak convergence
of \/peu in L?. Moreover, we loose the control on u. and obtain results for the
current density J = lim._.g p-u. only. In order to overcome these difficulties, we
multiply the momentum equation by pg’/ % and pass to the limit ¢ — 0 in the
resulting equation. This allows us to control the convective part since

2 (peud)e = (VPe(peue)?), = B(VP2)a(peue).

Our second main result is summarized in the following theorem.

P

Theorem 2. Let T > 0 and let the assumptions of Theorem 1 hold. Then, for
e = 0 there exists a weak solution (p,J, V) to (1)-(3) with the regularity

pt,x) >0 fort>0, xcT, VeL>®0,T;H*T)),
pr € L*(0,T; LX(T)), (p*?J), € L*(0,T; H™H(T)),
VP € L>(0,T; H'(T)) N L*(0,T; H*(T)), J € L*(0,T; H'(T)),

satisfying py + Jx = Vpze and N2Vy, = p — C(x) almost everywhere in (0,T) x T
and, for all ¢ € L°°(0,T; H'(T)),

(7) /T<( Y20 6) 1H1dt~/ /fptwdxdt
/ / J*(3(\/P)a® + /Py ) dudt + / / — pVa) p* 2 pdzdt
/ / )aw (5™ (/D) + p* ¢ ) dadt

:—y/ / 20(3(v/P)2® + V/Pda dxdt—f/ / P32 Jpdxdt.

The initial conditions are fulfilled in the following sense:

p(0,-) = po in L*(T), (p*/2J)(0,-) = py/*ug in H~'(T).
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Equation (7) is the weak formulation of

(pg/QJ)t - (03/2)tJ + (\/5(]2)1 - 3']2(\//»))3: - %(92(ﬁ)$$)z + %<p2)l<\/ﬁ)”
—v(p*2 ) e + I (pP ) + P ((p(p))m —pVat %) =0,

which is obtained from (2) after multiplication of p/2

limit density p is positive and smooth, we can divide the above equation by p
and recover the original formulation (2).

The paper is organized as follows. In the next section, we solve, for ¢ > 0 and
given velocity u, equation (1) for p, prove a lower bound for p only depending on
the L? norm of u,, and solve (2) locally in time. In section 3 we show the energy
estimates for (5) and infer a global existence result for the nonlinear Faedo-Galerkin
problem. Theorem 1 is proved in section 4, whereas section 5 is concerned with the
proof of Theorem 2. We remark that the a priori estimates derived from the energy
functional (5) and its corresponding energy production were already employed in
[5, 12, 18].

and setting J = pu. If the
3/2

2. LINEAR FAEDO-GALERKIN APPROXIMATION

In this section, we prove the existence of solutions to the linearized viscous
quantum hydrodynamic equations with € > 0. Let T > 0 and let (en)nen be
an orthonormal basis of L?(T) which is also an orthogonal basis of H*(T). For
instance, one may take the eigenfunctions of —92 with eigenvalues p, > 0, given
by

eon(r) = V2cos(2nmx),  pon = Sn’n?,
eant1(T) = \/isin(Zmrzv)7 font1 = 8n’m%, n e Np.
Introduce the finite-dimensional space X,, = span(eg, ..., e,). We denote by C*(0,
T; Z) the space of C* functions on [0, 7] with values in the Banach space Z. Fur-
thermore, let (po,up) € C*°(T)? be some initial data satisfying po(x) > 1o > 0 for

@ € T and [} pode = [ C(x)dz. Finally, let v € C°(0,T; X,,) be given. We notice
that v can be written as

u(t,x) = zn:)\i(t)ei(x), tel0,7], z €T,
i=1

for some A;(t), and we have

n

. = Ai(t)].
[vlleoo,rix.) tgﬁ’%];' (t)]

As a consequence, v can be bounded in C°(0,T; C*(T)) for any k € N, and there
exists a constant K3 > 0 depending on k such that

llvllco om0 (ry) < Kkllvllcoo,r;n2(y)-
Now, we define the approximate system. Let p be the classical solution to
(8) pr+ (pv)e = Vpza, €T, t>0,
(9) p(0,z) = po(x), z€T.
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The solution satisfies p € C°(0,T;C*(T)) for any k € N. Furthermore, it holds
Jppdx = [} podz = [, C(x)dz. We introduce the operator S : C°(0,T;X,) —
C°(0,T;C3(T)) by S(v) = p. Since v is smooth, the maximum principle shows that
p = S(v) is bounded from above and below, i.e., for ||v||coo,;z2(T)) < ¢, there exist
positive constants Ky(c) and K;(c) depending on ¢ such that

(10) 0< Ko(c) < (S(v))(t,z) < Ki(e), te€]0,T], z€T.
Furthermore, since the equation for p is linear, there exists Ks > 0 depending on k
and n such that for all vy, vy € C(0,T; X,,),
(11) [1S(v1) = S(v2)llcoo,mer(my) < Kallvr — vallcogo,r;L2(T))-

We claim that the lower bound for S(v) only depends on the L?(0,77; L*(T))
norm of vy,
(12) p=Sw)>n= 77(||vm||L2(O,T;L2(’]I‘))) >0 1in [0,7] x T.

This result is a consequence of the following lemma whose proof is presented at the
end of this section.

Lemma 3. Let T > 0 and v € L?(0,T; H'(T)). Let p be the solution to (8)-(9)
with initial datum pg € L>°(T) satisfying po(x) > ng > 0 for x € T. Then there
exists a constant n > 0 only depending on v, po, and the L?(0,T; L?(T)) norm of
v, Such that

p(t,z) >n>0, te[0,T], z€T.

Next, for given p = S(v), we wish to solve the following linear problem on X,
for u,,:

(13) (pun)e + (P + p(p))e — p(V[p)w — ‘;p((@”)z
= V(pun)m + E(Un)ww - %a

where V[p] € C°(0,T; C?(T)) is the unique solution to

(14) N(VIphaw =p—Clx) T

satisfying fT Vdz = 0. More explicitly, we are looking for a function u,, € C°(0, T}
X,,) verifying, for all test functions ¢ € C*(0,T; X,,) with ¢(7T,-) = 0,

R P
/Tpuncbtder/T(pvun+p(p))¢wdx+Ap(V[p])w¢dw 5 /T (p9).d

1
—/ (Vpun—i—&tun)xd)mdx—*/punQde:/P0U0¢(07')dx'
T TJr T

For given p € N, = {p € L'(T) : infyerp > n > 0}, we introduce the following
family of operators, following [10]:

Mip]: X, — X, (Mplu,w) = /ﬂ‘puwdaz7 u,w € Xp.

These operators are symmetric and positive definite with the smallest eigenvalue

(M[p|lw,w) =  inf /pw2dx > ianrp(x) >,
T S

lwll g2 (=1 lwll g2 =1
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employing the bound (12). Hence, as we are working in finite dimensions, the
operators are invertible with
1M~ ol eoxz,x,) <n '

where L(X, X,,) is the set of bounded linear mappings from X to X,,. Moreover,
similar as in [10], it holds:

(15) 1M~ [p1] = M~ pa]ll o (x
for all p1, po € N,. With these notations, we can rephrase problem (13) as an
ordinary differential equation on the finite-dimensional space X,,:

d
it

= x,) < K(n,n)llp1 — pallLr(r)

n?

(16) Mlp()]ua(t) = No,un(t)], >0, Mlpolun(0) = M(pgluo,

where

ﬁ((ﬁ)m
2\ Vp

1
+ v(pun)as + €(Un )2z — ;pun> odr, ¢ € X,.

Vo, unloé) = [ (= (o +00), +

| ), +o(VieD.

Recall that p = S(v) € C°0,T;C3(T)) is bounded from below, so the above
integral is well defined. The operator N{v,-], defined for every ¢t € [0,7] as an
operator from X, to X, is continuous in time. Then, standard theory of finite-
dimensional systems of differential equations provides the existence of a unique C*
solution of (16). In other words, there exists a unique solution u,, € C1(0,T; X,,)

to (13).

Proof of Lemma 3. We introduce the function

t
L(t,x) = ln1 <t,z +/ /U(s,y)dyds> ;
P 0 JT

which is a solution to

Ly — vLyy = vy — 0Ly — v(Ly)?,

where
V= —/vda:.
T
Since
|0L| ,/1~\/2L <772+ (Lg)?
Vlg| = —v Vig| > — V\Lg),
2v 4v
we obtain
172
Ly —vLg, <wv,+ —.
4y

The idea is to show an upper bound for L which only depend on 7, v, and the
L?-norm of v, and from which the lower bound for p follows. This is achieved by
estimating the solution v to a certain parabolic problem and using the comparison
principle to obtain L < 1. We introduce the functions 1;, which is a solution to

(¢1)t - V(d)l):c;c =v;, €T, t>0,
¥1(0,2) =0, x€T,
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and 9, which solves

~2

]
(2)t = v(V2)2e = o Y€ T, t >0,

’(ﬂ](OﬂE) = L(O,.’L’) =In 5 xzeT.

po(z)

First, notice that v, = v, and fﬂ,ﬁdx = 0. Hence, by the Poincaré inequality in
one space dimension,

T T
15| 2 0,755 (1) :/0 ||?7||2Loo(1r)dt S/o ||f)m||%2(1r)dt: HUEH%?(O,T;L?(T))'

[hiS ShOWS t]la,t
xz Vg 2(72 , , L .
20 4 (£2) Mo

Multiplying the equation for ¥; by —(t1).. and integrating over T, we find that

1d

3 T(%)idw + V/T(wl)imdx = —/Tvz(wl)m da

1
<3 [ty [,

from which we conclude that
2 1 2
1(¥1)2 T 0,102 (1y) < EHUJCHL%O,T;LQ(’]T))'

Finally, for any ¢ > 0, the integral of v (¢,-) over T vanishes, and an application of
the Poincaré inequality then gives

1
(18) [¥1][ Lo 0,10 (1)) < ZHUIH%Z(O,T;LQ(T))'

Consider now the sum 1 = 11 + 12 which is a solution to

~2

Wt — Vhge = Vo + —, z €T, t>0,
4y
1
P(0,z) = L(0,2) = In , €T
(0,2) (0,2) po()

Then, by the comparison principle, L < ¢ in [0,7] x T, and, together with (18)
and (17), we obtain for any ¢t > 0 and z € T:

1 9 1
L(ta SU) < ;HUCEHLz(O,T;LZ('ﬂ‘)) +1In %

This leads to
1
plt ) = moexp (= lvalForizecey )

for every z € T, ¢ > 0. O
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3. SOLUTION OF THE NONLINEAR APPROXIMATE PROBLEM

In this section, we show that there exists a solution to the system (8)-(9) and
(13) on T. More precisely, we prove the following result.

Proposition 4. Let the assumptions of Theorem 1 hold and let the initial data
be smooth with positive particle density. Then there exists a solution (p,u,) €
C%0,T;C3(T)) x CH0,T; X,,) to (8)-(9) and (13), with v = u,, and p = p, =
S(un), satisfying the following estimates:

(19) pn(t,z) >n(e) >0, tel0,T], €T,

(20) IvPnllLe< o181 (1)) + IVPullL2(0,7;82 (1)) < K,

(21) IVPnunll < o,r;22(r)) + VPn (Un)ell L2 07522 (1)) < K,
(22) ell(un)zllL2(0,m;2(1)) < K,

(

23) IVIpnllzee 0,001 (my) < K,
where n(g) > 0 depends on ¢, the initial data and the L*(T) norm of C(x), and

K > 0 only depends on v, X, the initial data, and C(x). The potential V|p,] is
defined by (14) with p = py,.

Proof. Integrating (16) over (0,t), we can write the problem as the following non-
linear equation:

%w=M*wmmw@maw+ANmﬂmwaimm

Taking into account (11) and (15), this equation can be solved with the fixed-point
theorem of Banach, at least on a short time interval [0,7"], where 7" < T, in the
space C°(0,T’; X,,). In fact, we obtain even u,, € C1(0,7"; X,,). We have to show
that we can choose TV = T. It is sufficient to prove that u, is bounded in X,
on the whole interval [0, 7’]. This is achieved by employing the energy estimate.
We multiply (8) by ¢ = h(pn) — V]pn] — uZ/2 — (6%/2)(\/Pn)ax/+/Pn, use the test
function wu,, in (13), with v = u, and p = p,, and add both equations. This leads

to
2

0= [ ((u)lpn) = (p2)o 2 + (puttn e, ) da

+ /Jl‘ ( - (pn)tv[/)n] - (pnun)xv[pn] + V(pn)xxv[pn] - pn(v[pn])xun)dx

[ (nn)oon) + o)
T

8y, e (VPr)ea (Ve 4
2 T((pn n)m \/p—n \//Tn )x"’—(pn)t \/an )d

1
+ / ( - 7(pnun)mu121 + (pnui)mun)dx
T 2

+ Z//E (— (pn)zxh(pn) + %(pn)wl_ui i (;(pn)mw\/;%”

1
—s/un(un)mdx—i—f/pnu%dx
T TJr
=L+ -+ 1.

+ pnun<

- (pnun)mc Un> dzx
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Notice that at this point, we need a pointwise solution to (8) such that this equation
can be multiplied by ¢. If (8) was solved in a Galerkin space only, we could not
use ¢ as a test function since it is not admissible. On the other hand, w, is an
admissible test function for the Galerkin equation (13).

We estimate the above expression integral by integral. The first integral can be
reformulated as

I = 8t/T (H(p) + %Mi)dw,

where we recall that H is a primitive of h. The second integral becomes, after
integrating by parts and employing the Poisson equation,

b= [ (=X lpdeatVlpul +vpulVipa))de
T

= [ (GoVipn))z A 2pu(on - €l

Integrating by parts in the first member of the third integral, we see that

I3 = /’]I‘ (pnunh/(pn)(pn)w +p/(pn)(pn)wun)dx =0,

since, by definition, p’(p,) = pnh'(pn). Again by integrating by parts, the fourth
integral simplifies to

o= =8 [ (Vo (Wm)ands = 01 [ (Vo2

The fifth integral vanishes since, in view of the periodic boundary conditions,

1
Is == /(pnui)wdﬂc =0.
2 Jr

Integrating by parts in the sixth integral gives
to = [ (Woa) o2~ (o) (an)a + (), + 5 (/O2)e
+ (pnun)z(un)gg)dw
=0 [ (G2 + pulun)? + P (2 + 8 (Y2 ) o

where G'(y) = +/h'(y), y > 0. Summarizing, we obtain
2

2
00 [ (Hlp2) + gou + 5 (VI + 5 (V72 )da

16
0 [ ((CoE + ol 2 + (7 + 870
Jrs/(un)idxqtl/pnuidx
T T Jr

(24) = — VA" 2p,(pn — C(x)) < ﬁ /T C(x)*dz.

From this estimate and the assumption H(y) > ho(y — 1), the uniform bounds
(20)-(23) follow. Using (12) and (22), we infer the lower bound (19). Then, the
estimate (21) shows that (u,) is bounded in L°°(0,T; L?(T)) with a bound which
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depends on e. Together with the Lipschitz estimates (11) and (15), this allows us
to apply the fixed-point theorem recursively until 77 = T. [l

We end this section by proving some estimates uniform in n and e.
Lemma 5. The following estimates holds:

25

)

26) lpnll Lo 0,751 (1)) + | Pnll 220,152 (T))

27) 10t (pnun)llL20,1,5-2(1)) < K,
28) 1950 (Prwn) || L2 0,751 (1)) < K,

10t pnllL2(0,7;L2(T)) + IV/Pnll Lo 0, 7w 18 (T))

INIA

( K,
( K,
(
(

for all a > 1/2, where K > 0 is independent of n and €.

Proof. By the Galiardo-Nirenberg inequality with § = 1/3, we have
29 I(/pm)elaomizocny < K / Vo)l ey ) |0
< Kol 0.z (my / 1Bz mydt < K

taking into account the bound (20). This shows that \/p, is bounded in L%(0,T
WL6(T)). The function p,, solves (8)-(9), with v = u,,, written as

Opn = —/Pu/Pn(tn)z = 2¢/Pntin(\/Pr)z + 203/ pn(V/Pr)wa + 2”(\//2)3

In view of (20), (21), and (29), we infer that d;p,, € L?(0,T; L?(T)). Furthermore,
by (29), (Pn)ee = 24/Pn(\/Pn)az + 2(/Pn)2 is bounded in L?(0,T; L*(T)).

We claim that 9;(p,uy) is bounded in L?(0,T; H=2(T)). We have to verify
that all terms in (13), with p = p, and v = u,, except J(pru,) lie in this
space. This is clear for the terms (p(pn))z, Pn(VIpn))z, €(tn)zs, and ppun/T.
Furthermore, p,uZ = (\/pntn,)? is bounded in L>°(0,T’; L*(T)), by (21), such that
(pnu2), is bounded in L*(0,T;W~LYT)) — L>(0,T; H 2(T)); v(pnun)ex =
V(2y/Prtn(y/Pr)e + Pn(un)z)s is bounded in L?(0,T; H'(T)); and

Pn(W)I = (\/Pn(v pn)ww)z - 2(\/ pn):v(v Pn)m
is bounded in L?(0,T; H~'). This shows the claim.

Next, let a > 1/2. We want to show that p29;(pnu,) is bounded in L?(0,T;
H~Y(T)). The term

P (pntiy)e = 205~ 1/2(\/ Pr)a Pty + 20 v/ Prtin/pn(Un)z

is bounded in L?(0,T; L*(T)) and hence also in L?(0,7; H*(T)). Notice that we
have used here that o > 1/2. If @ > 0 only, the bound depends on ¢ through
the lower bound of p,,. Furthermore, p(p(pn))z, p* 1 (V[pn])z, and p®Flu, /7 are
bounded in L?(0,T; L?(T)). The first term of

o ((\%”)m (P2 (m)az),, = 20+ V)P (Vpn)a(VPn)aa
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is bounded in L?(0,T; H*(T)), the second term in L?(0,T; L'(T)), so the sum is
bounded in L?(0,T; H=1(T)). Similarly, the sequences

€0 (Un)zz = (pﬁe(un)x) —2ap,” 1/2(M)x5(un)x7
P (Pntin)ge = (pa+1/2\/p7n(un)x) —2(a — 1)pn(\/7):r\/pin(un)x
+pa 1/2( n)uL\/ﬁTnun

are bounded in L%(0,T; H~1(T)). O

4. PROOF OF THEOREM 1

In this section, we perform the limit n — oo, for fixed € > 0, in the system
(8)-(9), (13), and (14), with p = p, and v = uy,.

In view of (25), (26), and the compactness of the embeddings H'(T) — L>(T)
and H?(T) < H'(T), the Aubin lemma provides the existence of a subsequence of
(pn) (not relabeled) such that, as n — oo,

pn — p strongly in L*(0,T; H*(T)) and L*(0,T; L>(T)),
pn — p weakly in L*(0,T; H*(T)),
Otpn — Oip  weakly in L*(0,T; L*(T)).
Since (py,) is bounded from below, (,/p, ). converges weakly (up to a subsequence)

to (y/p)e in L?(0,7T; L*(T)). Moreover, since € > 0 is fixed, by (21) and (22), u
converges weakly to a function u in L?(0,T; H'(T)). These results show that

atpn + (pnun)w - V(pn):uv — 8tp + (pu)w — VPga Weakly il’l L1<O7 Ta LQ(T))

and that
(p(pn))x B) pn((\/\/j ) V(pnun)xz - E(UH)xm + %pnun
)) to

converges weakly in L'(0,T; H~1(T
(VP)za
NG

We also have V[p,] — V]p] in L>=(0,T; H*(T)). In order to pass to the limit in
the convection term, we observe first that p,u, — pu weakly* in L?(0,T; L>°(T))
since (pp) converges strongly in L*°(0,T; L>°(T)) and (u,) converges weakly* in
L?(0,T;L>(T)). On the other hand, taking into account (27) and the bound for
(pnuy) in L2(0,T; H(T)), Aubin’s lemma implies that p,u, — pu strongly in
L%(0,T; L>(T)). Thus,

(p(p))z — 5 p( )I v(pu)ze — Elge + %pu.

pnuZ — pu®  weakly* in L'(0,T; L>(T)).

Thus, passing to the limit n — oo in (13), with p = p,, and v = u,,, shows that
(p,u, V[p]) is a solution to (1)-(3) for € > 0 . This finishes the proof of Theorem 1.
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Remark 6. The construction of approximate solutions of section 2 can be gener-
alized to the multi-dimensional quantum hydrodynamic equations

(30) pt + div(pu) = vAp,
(31)
) 52 Ay/n pu
(pude-+ div(pu ) + V() = OV = o9 (S0) = v o)+ — 2,
(32) NAV =p—C(z), xeT

Indeed, let X, be a finite-dimensional space defined, for instance, by the span of the
first n+ 1 eigenfunctions of —A on L2(T%). Further, let p,, be the classical solution
to (30) with u replaced by some given function v € C°(0,T; X,,), and let V[p,] be
the unique solution to (32). By the maximum principle, p,, is strictly positive with
a bound depending on the L*> norm of divwv. Finally, we can define u,, to be the
solution to (31), projected on X,,, in the sense of section 2. The nonlinear finite-
dimensional problem then is solved by employing Banach’s fixed-point theorem,
giving a local-in-time solution u,, € C°(0,7”; X,,) on the time interval [0,7"].

The energy estimate (24) can also be generalized to the multi-dimensional prob-
lem (see, e.g., [5]):

1 5 A2 , 02 5
O | (H(pn) + 3palunl? + 5 1VVIpal 2 + 5V Vul?)da
’]I‘d

0 [ (VG + Tl + 5l V2 1o o) d
Td

1 v
2 2 2
+ nllfdx + — nltn ] de < — C dx,
8/’]1‘0’ IVuy,||*dx T/po |t |“da e /Td (x)*dx

where || - || denotes the ¢2 norm of a matrix and V2 log p,, the Hessian of log p,,. By
the estimate (1.3) of [22] (also see Proposition A.1 in [5]),

[ oal V08 p, o= c [ 9%, s,
Td T

for some constant ¢ > 0, which provides a uniform L?(0,7"; H*(T%)) estimate for
/Pn. Moreover, /p,, is uniformly bounded in L>(0,T"; H'(T?)).

Provided that the lower bound for p, is independent of n and only depends
on the L2(0,7’; L>(T%)) norm of Vu,, it is possible to perform the limit n —
00. The most difficult parts are the limits in the third-order expression and the
convective term. Similarly as in the one-dimensional case, we can prove uniform
bounds for p,, and p,u, which enable us to apply Aubin’s lemma, thus providing the
strong convergence of these sequences and allowing us to pass to the limit n — oo.
The problem, however, is to prove the lower bound for p, only depending on the
L2(0,7"; L*(T%)) norm of Vu,. Indeed, the proof of Lemma 3 relies on certain
L estimates for v; and Sobolev embeddings which are only valid in one space
dimension, and we are not able to extend them to the multi-dimensional situation.

5. PROOF OF THEOREM 2

Let (pe, ue, V[pe]) be the solution to (1)-(3), for € > 0, constructed in the previous
section. In this section, we will perform the limit ¢ — 0.
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By the e-independent estimates (25) and (26), the Aubin lemma gives the exis-
tence of a subsequence (again not relabeled) such that

pe — p strongly in L*(0,T; H*(T)) and in L>(0,T; L>(T)),
pe — p weakly in L?(0,T; H*(T)),
Oipe — Oip  weakly in L*(0,T; L*(T)).

Furthermore, by (20), up to a subsequence,
Vpe = /p weakly* in L>°(0,T; H*(T)) and weakly in L?(0,T; H*(T)).
By (21),

(psus)m = 2(\//TE)T\//TEUE + \//Ts\/lTs(ue)x

is bounded in L2(0,T;L?(T)), and hence, (peu.) is bounded in L2(0,T; H'(T)).
Therefore,

peue — J weakly in L?(0,T; H'(T)).

Thus, by (25) and (26), letting € — 0 in the mass conservation equation (8) with
p = pe and v = u, yields

pt + Jp = Vpge in L2(0,T; L*(T)).

In order to let € — 0 in the momentum equation, we need to multiply (13)

by pg/ ®. The reason is that we cannot control (u.) but only (p.u.) which makes

it difficult to pass to the limit in (p.u?),. The L?(0,T; H'(T)) bound for (p.u.)
together with (27) implies that, by Aubin’s lemma,

peue — J strongly in L?(0,T; L°°(T)).
Thus, for any test function ¢ € L*(0,T; H'(T)), as ¢ — 0,
200 = = [ (/70 + Vi) (pew) s
- / (3(y/P)ats + v/pbs) J2d.
T

By (28), pg/Q(pEuE)t is bounded in L?(0,7; H~1(T)). Hence, also

5 3
(P2 uc) = 2/ (peuuc)r + 5 pe(pe)i(V/pzue)
is bounded in this space and we infer that

(33) (p%/%uz)e — (p*/2J);  weakly in L*(0,T; H'(T)).
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Using pg’/ng with ¢ € L°°(0,T; H'(T)) as a test function in the weak formulation
of (2), it holds

0—/T/p§/2(psue)t¢dxdt/T/ (peuZ + p(p:)) (P22 §) o dadt
/ / 5/2(y/ ¢dwdt+—/ / VPeer 5724 drat
v /0 [ pene)ele26).+ ¢ /0 [ we)sndza
+ i/OT/Tpg/QuE(bda:dt

=K+ -+ Kr.

Employing (33), we have

T
K, =/ ((p2 5/2 Ue)t, ) - 1H1dt—f/ / 3/2 (pe)rucpdadt
0

T -
H/0 <(pd/2J)t7¢>H*1,H1dt*§/O /T\/ﬁthqbdxdt.

For the second integral, we obtain

T
KQZ/ /((paua)2+psp(pa)) (3(@)I¢+@¢I)dmdt
0 T
T
= [ [ G 0(0) (P + Vo,

since (peuc)? converges strongly in L*(0,7; L°°(T)) and (,/p=), converges weakly*
in L>°(0,T; L?(T)). Furthermore, (V[pe]), converges weakly* in L>(0,T; H*(T))

to Vp]:
Ky — / / 512V p))pddadt.

The fourth integral can be written as

= ' [ s (Goctporat+ o) o,

Since p. converges strongly in L°°(0,T; L°*(T)) and in L?(0,T; H*(T)), it follows
that

Kﬁf/ / P(/p)ath + P2 dadt.

The weak convergence of p.u. in L?(0,T; H'(T)) and the strong convergences of
V/Pe in L>(0,T; L°°(T)) and of (p.), in L*(0,T; L?(T)) imply that

Ks=v / / pee)s (oD (02)e0 + 520, ) dudt

Hy/ /J \fpx¢+p3/2d) dzdt—y/ / (p*/%¢)pdxdt.
0 T
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Finally, the estimate (22) shows that K¢ — 0, and

1 T
Ky — = / p*2Jpdadt.
T Jo

This proves that (p,J, V') solves the system (1)-(3) for € = 0 and for smooth initial
data. A standard approximation procedure gives the result for initial data (pg, ug) €
HY(T) x L*°(T) with positive particle density and finite energy. Theorem 2 is now
proven.
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