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Abstract

We study comparisons of deterministic computational methods for one-dimensional relaxation charged transport in sub-
micron channel devices. Our analysis focuses on the appropriate macroscopic approximations under regimes associated to
different devices with similar geometries. We show, when taking standard parameters corresponding to Si devices, that the
kinetic one-dimensional relaxation model can be approximated by a multi-fluid domain decomposition technique that incor-
porates classical drift–diffusion equations with corrections in the current. In addition, when considering physical dimensions
corresponding to GaAs devices, the technique requires new hydrodynamics that we propose and compute. Our compari-
son involves detailed computations of local distribution function solution of the kinetic equation, its first three moments
compared with the computed fluid variables, and the presentation of all corresponding current–voltage characteristic curves.
© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The semi classical Boltzmann equation in the
parabolic band approximation is one of the basic
equations, and is our starting point for the analysis
of charged transport in a semiconductor device. This
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equation must be coupled to the Poisson equation for
determining the self-consistent force field. Though the
semi classical Boltzmann–Poisson system is posed
in the three-dimensional velocity space, usually the
study of simplified devices in one dimension is per-
formed by assuming that the important features of the
charge transport are given in the direction parallel to
the force field. Therefore considering the low density
approximation, taking into account only collisions
with background impurities, the collision operator can
be approximated by a linear relaxation time operator
[10,16]. This equation reads as

0167-2789/00/$ – see front matter © 2000 Elsevier Science B.V. All rights reserved.
PII: S0167-2789(00)00139-1
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∂f

∂t
+ vfx − e

m
E(t, x)fv = 1

τ
(MΘ0ρ(f ) − f ), (1.1)

f = f (t, x, v) is the density function for an electron
at positionx ∈ [0, L] and velocityv ∈ R at timet ≥ 0,
whereL is the device channel length. The constantse

andm represent the unit charge and effective electron
mass, respectively. The electric fieldE = E(t, x) is
self-consistently produced by the electrons moving in
a fixed ion background with densityC(x), called dop-
ing profile.E is determined by the Poisson equation

ε0Φxx = e(ρ(f ) − C(x)), E(t, x) = −Φx, (1.2)

whereε0 is the permittivity of the material and

ρ(t, x) =
∫
R

f (t, x, v) dv,

j (t, x) =
∫
R

vf(t, x, v) dv, x ∈ [0, L], t ≥ 0,

(1.3)

are, respectively, the charge and current densities of
the electrons. Here, the relaxation timeτ depends on
the absolute value of the force field in such a way that
the mobility µ = (e/m)τE is linear for small values
of |E| with slopeµ0 and has a horizontal asymptote
vd as |E| becomes large. The parametersµ0 andvd

are known as the bulk mobility and saturation velocity,
respectively.MΘ0 is the absolute Maxwellian given by

MΘ0 = (2πΘ0)
−1/2 exp

(
− v2

2Θ0

)
,

where Θ0 is the lattice temperature, that is,Θ0 =
(kB/m)T0 with the Boltzmann constantkB and the
lattice temperatureT0 in Kelvin.

The aim of the numerical study we develop in this
paper is to show that different scalings appear in sim-
ple channel corresponding to dimensions for Si and
GaAs one-dimensional semiconductor device models,
and in a sense, to propose a domain decomposition
based on local dimensionless parameters.

The change of these local dimensionless parameters
reflects a delicate interplay between the magnitudes of
doping drop per channel length, the applied bias, the
bulk mobility, the saturation velocity and the consti-
tutive form used for the relaxation time.

We consider an n+–n–n+ device as benchmark for
our simulations as it has been done in many works in
the literature [1,2,6,11,13,15] and references therein.
We study the improvement on the current–voltage
curves given by the different approximations in each
case choosing the correct hydrodynamic system de-
pending on the dominant regime. With this aim,
Section 2 is devoted to review the different scalings
for the system (1.1) and (1.2) and their hydrodynam-
ics approximations. We review the different order of
approximations for the distribution function and we
introduce a new hydrodynamic model for the ballis-
tic scaling. In Section 3 we describe the numerical
method used in this paper for the kinetic system and
its hydrodynamics approximations. We also explain
how we compute the different first order approxi-
mation distribution functions. Also, since typically
the regimes are different throughout the device, we
use a domain decomposition at the hydrodynami-
cal level whose numerical procedure is detailed in
Section 3. Sections 4 and 5 describe the results for
typical one-dimensional semiconductor devices of Si
and GaAs, respectively. As expected, we show that
the scalings for these two devices are different in the
channel and we compute different hydrodynamical
approximations for them. We show that in this way the
current–voltage curves are improved with respect to
the standard drift–diffusion-Poisson system and other
hydrodynamic systems proposed in the literature,
when compared with the corresponding computations
of the current–voltage curves for the kinetic Poisson
model.

2. Scalings and hydrodynamical regimes

Let L be the characteristic length of the device and
ρ0 be the average value of the doping profileC(x).
We consider four different time scales or, equivalently,
characteristic velocities:Θ1/2

0 is the reference mag-
nitude for thethermal velocity. With τ0 we denote a
reference value for the relaxation timeτ(x) and then,
for the relaxation velocityL/τ0. Let [Φ] be the po-
tential drop (“forward bias”) applied to the contacts of
the device of lengthL. Then the reference magnitude
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for thedrift velocity−τ(e/m)E is given by

U0 = τ0
e

m
E0 = τ0

e

m

[Φ]

L
,

and the reference value for theballistic velocityis

B0 =
√

2
e

m
[Φ].

The name of ballistic velocity comes from the fact that
for high fields there will be some particles not under-
going any collisions in the channel for which their tra-
jectories follow the paths of the ordinary differential
system conserving energy, that is,

m
|v|2
2

− eΦ(x) = const.

This interpretation of the ballistic speed makes sense
only in the stationary case. With the above character-
istic speeds we introduce new, non-dimensional vari-
ables as

x = Lx̂, v = V1v̂, t = L

V2
t̂ ,

τ (x) = τ0τ̂ (x̂), C(x) = ρ0Ĉ(x̂),

Φ(t, x) = [Φ]Φ̂(t̂ , x̂), (2.1)

and for the density function̂f (t̂, x̂, v̂) we shall con-
sider:

f (t, x, v) = ρ0

V3
f̂ (t̂ , x̂, v̂). (2.2)

Here,V1, V2 andV3 are the characteristic values for
the velocity that we will choose among the thermal,
relaxation, drift or ballistic velocity to obtain each of
the relevant scalings.

Let us define the following dimensionless parame-
ters:

η = U0

Θ
1/2
0

, ε = τ0Θ
1/2
0

L
, (2.3)

α = U0

B0
= τ0B0

2L
, β = Θ

1/2
0

B0
, (2.4)

γ = ρ0eL2

ε0[Φ]
. (2.5)

Let us consider the following different scalings of
Eq. (1.1). We indicate for each scaling the character-
istic values of the velocitiesV1, V2 andV3 and the re-
sulting dimensionless equation after dropping the hats.
1. Low field scaling(LFS): V1 = V3 = Θ

1/2
0 , V2 =

U0 andη ' ε → 0.

ε
∂f

∂t
+ vfx − E(t, x)fv = 1

ε

1

τ
(M1ρ(f ) − f ),

(2.6)

2. Drift–collision balance scaling(DCBS): V1 =
Θ

1/2
0 , V2 = V3 = U0, η = 0(1) andε → 0.

η
∂f

∂t
+vfx − η

ε
E(t, x)fv = 1

ε

1

τ
(M1ρ(f ) − f ),

(2.7)

3. Ballistic scaling(BS): V1 = V2 = V3 = B0, α =
0(1) andβ → 0.

∂f

∂t
+vfx − 1

2
E(t, x)fv = 1

2α

1

τ
(Mβ2ρ(f ) − f ).

(2.8)

All of them are coupled to the dimensionless Poisson
equation given by

Φxx = γ (ρ(f ) − C(x)) (2.9)

for the LFS and the BS or

Φxx = γ (η−1ρ(f ) − C(x)) (2.10)

for the DCBS.
Both the LFS and the DCBS admit a Hilbert or a

Chapman–Enskog expansion procedure that calculates
the moment equations and the corresponding hydro-
dynamics approximations. We will indicate the result-
ing hydrodynamic system together with the first order
approximation for the density function which is ob-
tained in each scaling above.

The LFS limit (ε → 0, η ' ε) means that the col-
lisions are dominant in this scale (the drift speed is
much smaller than the thermal speed) and then we
take the limit for small mean free path. This is the rea-
son why this scaling is called low field scaling. The
Hilbert expansion for the LFS gives the classical stan-
dard drift–diffusion-Poisson (DDP) system (see [16]).
They read in dimensionalized form
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ρt + ∂x(−τΘ0ρx − µρE) = 0, (2.11)

E = −Φx, ε0Φxx = e(ρ(f ) − C(x)), (2.12)

whereµ = eτ(x)/m. In this case the distribution so-
lution f (t, x, v) of the kinetic system (1.1) and (1.2)
is approximated by

f (t, x, v) = ρ(t, x)MΘ0(v) + o(ε).

The DCBS limit (η = 0(1) and ε → 0) means that
the collisions continue to be dominant but the force
field is higher and now the drift speed is of the order
of the thermal speed. In this sense this scaling appears
for higher potential drops than the LFS. The following
equations are the corresponding ones to the DCBS as
presented in [9,10] for the lowest moments. The corre-
sponding augmented–drift–diffusion-Poisson (ADDP)
system in its dimensionalized form reads

ρt + ∂x(jhyp + jvis) = 0, (2.13)

jhyp = −µρE + τµ

(
e

ε0

)
ρ(−µρE + ω), (2.14)

jvis = −τ [ρ(Θ0 + 2µ2E2)]x + τµE(µρE)x, (2.15)

E = −Φx, ε0Φxx = e(ρ(f ) − C(x)). (2.16)

The constantω is fixed as

ω = (µρE)|x=xω , (2.17)

wherexω is some point in the computational region.
The total currentj (t, x) is approximated byjhyp+jvis.
We refer to [10] and the references therein for a deeper
discussion of this system and the role ofω.

In the case of the DCBS regime, the densityρ(t, x)

and currentj (t, x) that solve the ADDP system
(2.13)–(2.17) are asymptotic approximations of the
first and second moments off (t, x, v) solution of
the kinetic system (1.1) and (1.2), respectively. In
particular

f (t, x, v) = ρ(t, x)P−µE,Θ0 + o(ε),

where Pξ,Θ0 is the probability density solving the
equation

ξ∂vPξ,Θ0 = −Pξ,Θ0 + MΘ0 (2.18)

for ξ ∈ R. The distributionPξ,Θ0 has an explicit for-
mula, given in (3.1) and (3.2), making all its moments
computable.

The BS limit (α = 0(1) andβ → 0) means that the
potential is significantly higher than in previous cases
and the drift speed is of the order of the ballistic speed
and much larger than the thermal speed. With this pic-
ture of the three scalings the DCBS is an intermediate
scaling between the LFS and the BS. The case of the
ballistic regime is quite different, since no asymptotic
expansion of the Hilbert or Chapman–Enskog type are
possible. In this case we propose a new hydrodynamic
closure based on numerical studies of the solution of
the kinetic system (1.1) and (1.2) under data that cor-
responds to ballistic regime in a region of the device.

Once we have studied the different scalings and
their first order terms for the distribution function, we
attempt to develop a hydrodynamical system for cal-
culating the solution in a computationally faster way.
This has been accomplished in the low field scaling
(LFS) and DCBS, by introducing the DDP and ADDP
systems, respectively, in which only the evolution of
the density of particles is considered.

For the ballistic scaling regime we shall use a mo-
ment closure method. This method, originally devel-
oped for the Boltzmann equation in the theory of
gases (Grad’s moment’s method [12]) and extended,
by Bloktejaer [6], Baccarani and Woderman [2] to
charged transport in semiconductor structures, is based
on the study of equations for the evolution of more
moments in velocity, density, current and energy and
to perform a closure for the unknown moments in
the equation of the energy. In [2] the authors pro-
pose an ad hoc closure imposing a Fourier type law
(Franz–Wiederman Law) to account for the heat flux
and need to impose many free parameters. For a re-
cent review of the numerical methods for the kinetic
and hydrodynamic systems we refer to [17].

Recently, with the aid of Monte Carlo simulations,
closure modifications were proposed by Anile et al. [1]
by calibrating free parameters and using the entropy
minimization method, as an alternative way to macro-
scopic hydrodynamic approximations. The resulting
system has the modified flux in the energy equation
satisfying the Onsager reciprocity relations that have
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not been accounted for in the previous models. Again
these closures seem to produce good results for rela-
tively moderate fields such as that in Si channel de-
vices, but the relative errors are too large for shorter
channels or devices with higher bulk mobility and sat-
uration speeds.

Here, we propose to derive a hydrodynamic closure
in the ballistic scaling. This problem was previously
treated by Shur and Eastman [19] by introducing a
closure based on the assumption that the distribution
function is a Dirac delta point mass concentrated at the
local ballistic speed. Such an assumption neglects any
collision effect which is widely observed with Monte
Carlo and deterministic methods (for example these
presented in this paper). Also Ben Abdallah et al. [4,5]
proposed a Child–Langmuir asymptotics for the re-
laxation kinetic equation with the shortcomings that
it can only be worked out in the stationary case and
for zero temperature. They proved that the distribution
function splits into a bounded part and ballistic shifted
point mass distribution. Although this is a better ap-
proximation than the model in [19] for a stationary
state, it does not take into account positive tempera-
ture and the effect of the collisions only appears in the
bounded part of the distribution function. Neverthe-
less, in both cases computations of IV curves show a
remarkable improvement in the approximation of the
kinetic IV curves with respect to drift–diffusion or the
(BBW) hydrodynamic system under ballistic regimes.

Our present deterministic time-dependent computa-
tions under the ballistic scaling regime show that, after
reaching stationary states, double hump distributions
are observed making the approximation of [4,5] a bet-
ter one than that in [19]; however the second spike,
localized at the ballistic local speed is not nearly a
point mass distribution as assumed in [4,5,19].

Therefore, based on our numerical result, we pro-
pose a new system of hydrodynamic equations, valid
only in the ballistic scaling regime, that can be thought
as an improvement of the Shur–Eastman model based
on the splitting of the distribution function studied by
Ben Abdallah et al.

The scaling parameters will enter only in the way
we choose the closure ansatz for the energy flux, i.e.
the third moment in velocity. Let us consider as usual

the density, current and energy for the density function
f as

ρ(t, x) =
∫
R

f (t, x, v) dv,

j (t, x) = ρu(t, x) =
∫
R

vf(t, x, v) dv,

ρW(t, x) = 1

2

∫
R

v2f (t, x, v) dv,

ρS(t, x) =
∫
R

v3f (t, x, v) dv.

Multiplying Eq. (1.1) by 1,v, v2 and integrating it in
v, we find the standard equations

ρt + (ρu)x = 0, (2.19)

(ρu)t + (ρu2 + p)x = − e

m
Eρ − 1

τ
ρu, (2.20)

(ρW)t +
(

1

2
ρS

)
x

= − e

m
Eρu − 1

τ
ρ(W − W0),

(2.21)

where

E = ρW = 1
2ρ2 + 1

2ρu2 = 1
2p + 1

2ρu2

defines the energy per unit massE , the local temper-
atureΘ = (kB/m)T and the pressurep = ρΘ and
W0 = 1

2Θ0.
The new features appear as a consequence of the

way the third moment is computed in terms of the first
three moments inv. Our closure assumption is to as-
sume thatf is not far from being a convex combina-
tion of the first order expansion for the DCBS and a
shifted Maxwellian with mean velocity given by the
ballistic velocity and fixed varianceΘ1 = kΘ0, 0 <

k < 1 being a fraction of the lattice temperature. In
addition the choice of the convex combination param-
eter ν and the fraction of the lattice temperatureΘ1

must satisfy the condition imposed on the closure as-
sumption that the first three moments of the closure
and the solution must be equal. This delivers a relation
betweenν, Θ, Θ0 andΘ1.

The motivation for this closure arises from our nu-
merical results (Figs. 6 and 7) in which we see a
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thickening of the tail off in a very similar shape as
P−µE,Θ0 with the temperature lattice and a peak mov-
ing approximately with the ballistic velocity and an
unknown variance.

Then, for the closure selection we consider our scal-
ing assumptions. Assume the ballistic regime holds in
the channel, thenα = 0(1) andβ → 0 and thus, the
drift velocity −µE is of the same order as the bal-
listic velocity B, while B is of the order of the mean
velocity u.

Therefore, we assume thatu ' B andu ' −µE.
With this scaling assumption we have

f ' f0 = ρ(νPu,Θ0 + (1 − ν)MΘ1(v − u)). (2.22)

We find a relation betweenν andΘ1 in terms of the
local temperature by imposing thatf0 has the first
three moments equal tof , that is,
∫
R

(v − u)2f0 dv = νu2 + νΘ0 + (1 − ν)Θ1

= Θ =
∫
R

(v − u)2f dv. (2.23)

Next, in order to compute the closure equation we
approximate the energy flux12ρS by computing the
third moment off0 in (2.22) and replacing it in (2.21).
Thus, we deduce

ρS =
∫
R

v3f (t, x, v) dv

=
∫
R

v(v − u)2f (t, x, v) dv + 2ρuW+ up

with∫
R

v(v − u)2f (t, x, v) dv '
∫
R

v(v − u)2f0(t, x, v) dv,

and computing the moments ofPu,Θ0 andMΘ1(v−u)

we find∫
R

v(v − u)2f0(t, x, v) dv = νρuΘ0 + 3νρu3

+(1 − ν)ρuΘ1.

Then,

1
2ρS = ρuW+ 1

2pu+ 1
2νρuΘ0 + 3

2νρu3

+1
2(1 − ν)ρuΘ1.

Using the relation (2.23) betweenΘ1, Θ andΘ0, re-
placing(1 − ν)Θ1u by Θu − νΘ0u − νu3 in the last
term, we have that the third hydrodynamic equation
(2.21) reads as

(ρW)t +(ρuW+ pu+ νρu3)x = − e

m
Eρu

−1

τ
ρ(W − W0), (2.24)

whereν should satisfy condition (2.23) forΘ1 chosen.
Thus, we can use the system of conservation laws

(BHD)=(2.19), (2.20) and (2.24) to compute the
macroscopic quantities in the ballistic regime on the
channel.

In general, the BHD system depends on the chosen
value forΘ1. As previously stated the closure becomes
a better approximation forΘ1 chosen as a fraction of
the lattice temperatureΘ0. This is motivated by the
kinetic numerical results in Section 5 (Figs. 6 and 7).
In this caseν is a function ofu and Θ through the
relation (2.23). The resulting system will be denoted
by BHDT indicating we use a ballistic hydrodynamic
system with given temperature for the ballistic peak.

If we take Θ1 = Θ and α = 1, we find ν =
0. We will denote this hydrodynamic system by the
ballistic hydrodynamic system withν = 0 (BHD0)

corresponding to pure ballistic transportν = 0 in
(2.22). Although there is no apparent way to justify
that such a choice is a good one for a process with
collisions, it is quite remarkable that the computation
of the corresponding hydro model produces IV curves
that approach the kinetic IV curves with quite good
accuracy (Fig. 10), even with respect to the choice
of other parameters. This effect might explain why
many approximations of ballistic regimes compute just
Vlasov–Poisson systems, or their hydrodynamic ap-
proximations, and then addboundary effectsthat ac-
count for the transition from the ballistic to low field
scales.

Computed comparisons of IV curves for the BHD0

and the BHDT models (Fig. 10) show that this regime
is a very good approximation for voltages between
0.5–2 V for the GaAs channel.

The caseΘ1 = 0 was studied in [4,5] obtaining
that the steady distribution function was the sum of
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two distribution functions, one of them being the delta
Dirac function localized at the local ballistic velocity
and the other one a distribution function which takes
into account the collisions in the channel. In a sense
our closure may be interpreted as a dynamical approx-
imation that takes into account this splitting of the dis-
tribution function as well. The thickness of the tail and
of the ballistic peak may be treated more rigorously
by a more sophisticated closure procedure in which
all the parameters involved are obtained from the so-
lution of a much more involved hydrodynamic-type
system. The generalization to three dimensions in ve-
locity for the relaxation Boltzmann–Poisson can be
done by assuming that the distribution function is ba-
sically Pu,Θ0 in the direction of the force field times
a Maxwellian distribution in the perpendicular veloc-
ities. This approach is currently under investigation.

We must add that at the present stage, the relation
(2.23) involves one free parameter that must be cho-
sen. These may appear as a disadvantage, but we point
out that all other alternatives, presented so far as ap-
proximations to ballistic regimes, also require the se-
lection of a free parameter, as shown above in the
Shur–Eastman model (i.e. for the choice ofη = 0 and
Θ1 = Θ = 0) or the Child–Langmuir asymptotics
which is an stationary approximation of the choice
η = 1, Θ = 0 in (2.23) plus a Dirac delta distribution
localized at the local ballistic speed.

Let us remark that the ballistic speed and thus, the
ballistic shifted Maxwellian are only physically mean-
ingful for the stationary solution. Therefore, the pro-
posed BHD systems may not be good approximations
for the transient behavior of the kinetic solution in
such inhomogeneous domain. Though our computa-
tions are time-dependent in both the kinetic and the
BHD cases, the presented comparison of both outputs
are in the stationary limit.

Before finishing this section, we have to clarify
the boundary conditions for the several systems intro-
duced. The one-dimensional Boltzmann–Poisson ki-
netic equation will be supplemented by the boundary
conditions

f (t, 0, v) = C(0)MΘ0(v) for v > 0,

f (t, L, v) = C(L)MΘ0(v) for v < 0.

The DDP system is considered with Dirichlet bound-
ary conditions for the density

ρ(t, 0) = C(0), ρ(t, L) = C(L).

The ADDP system will be computed only in the chan-
nel with Dirichlet boundary conditions for the density
obtained by a domain decomposition method which
will be explained below. Finally, all the hydrodynamic
systems will be supplemented by Dirichlet boundary
conditions for the density and the temperature and
computed only in the channel. The value of the tem-
perature would be chosen to be the lattice temperature
while the value of the density will be obtained from
the DDP system steady results. All models are coupled
to the Poisson equation with the boundary conditions
Φ(t, 0) = 0, Φ(t, L) = Vbias.

Finally, we would like to mention that we use the
local dimensionless parameters computed from the
Boltzmann–Poisson equation as indicators to decide
which asymptotic limit holds in the channel. Ideally,
a theoretical study is needed to ensure a priori which
asymptotics (LFS, DCBS, BHD) should be imple-
mented, depending on the physical parameters of the
model under consideration. From our computational
experiment it is clear that the range of values of the
dimensionless parameters throughout the channel de-
pends on the balance between relationships involv-
ing the effective mass, channel length, potential drop,
saturation velocity and bulk mobility, as well as the
choice of the constitutive form of the relaxation as a
function of the force field. Such an analysis has to be
performed and will be part of a future project.

3. Numerical method

We use the finite difference ENO schemes de-
veloped in [18] and the weighted ENO (WENO)
schemes developed in [14]. Time discretization is
via the TVD (total-variation-diminishing) third order
explicit Runge–Kutta method in [18]. Steady state is
achieved by asymptotic time marching with initial
conditions obtained from a continuation invbias.
These schemes are designed for hyperbolic conser-
vation laws or other convection dominated problems.
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They are especially effective for problems containing
either discontinuous solutions or solutions with sharp
gradients. The guiding principle is an adaptive local
choice of a stencil (ENO), or use of a nonlinear con-
vex combination of contributions from local stencils
(WENO), so that contributions from stencils con-
taining a possible discontinuity or other unpleasant
features (e.g., a high gradient) are either completely
avoided (ENO) or are assigned a nearly zero weight
(WENO). In doing this, uniform high order accuracy
can be achieved without introducing any oscillations
near discontinuities or sharp gradient regions. The
high order accuracy of these algorithms allows us to
use relatively coarse grids and still get very accu-
rate results. The algorithms are extremely stable and
robust in all the numerical simulations.

We make a few remarks about the computation of
the probability density function from (2.18):

Pξ,Θ0(v) = 1

ξ
exp

(
Θ0

2ξ2
− v

ξ

)

1

2
erfc

(
− 1√

2Θ0

(
v − Θ0

ξ

))
, ξ > 0,

(3.1)

where

erfc(x) = 2√
π

∫ ∞

x

e−t2
dt. (3.2)

For ξ < 0 we use

Fig. 1. Local non-dimensional parameters for the Si device, calculated withE(x) from the kinetic simulation results. Left figure: solid
line, η(x); dotted line,ε(x); dashed line,γ (x). Right figure: solid line,α(x); dotted line,β(x).

Pξ,Θ0(v) = P−ξ,Θ0(−v). (3.3)

The function erfc as defined by (3.2) is an intrin-
sic function infortran. However, the evaluation of
Pξ,Θ0(v) in (3.1), when the argument of erfc is too
large,

x = − 1√
2Θ0

(
v − Θ0

ξ

)
> 6, (3.4)

has numerical difficulties. We thus use the asymptotic
expansion of erfc for largex,

erfc(x) = 2√
π

e−x2

2x

∞∑
m=0

(−1)m(2m)!

m!(2x)2m
, (3.5)

to obtain the following equivalent formula for
Pξ,Θ0(v),

Pξ,Θ0(v) = 1

ξ
e−v2/2Θ0

1√
π

1

2x

∞∑
m=0

(−1)m(2m)!

m!(2x)2m
(3.6)

with x given by (3.4). The summation is performed
to a term which is less than 10−15. We have verified
that (3.1) and (3.6) give identical results when both
are stable.

Finally, we comment on the procedures used in
the domain decomposition. The interval [0, L] is bro-
ken into three subintervals: [0, A], [A, B] and [B, L].
The exact methods to determineA and B will be
discussed in the next two sections.A and B could
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Fig. 2. Normalized stationary distributionf∞(x, v)/ρ∞(x) at several fixedx for Vbias = 2 V for the Si device, obtained from the kinetic
simulation and compared to Maxwellians at lattice temperatureΘ0, centered at ballistic velocity and toP−µE,Θ0. Solid line: kinetic
solution; dashed line:MΘ0(v); dash-dotted line:P−µE,Θ0(v); dotted line:BΦ,Θ0(v). Top left: atx = 0.04mm; top right: atx = 0.12 mum;
bottom left: atx = 0.4mm; bottom right: atx = 0.52mm.

be time-dependent in the simulation. Typically, one
model (Model I) is used in [0, A] and [B, L], another
model (Model II) is used in the middle region [A, B].
We have the following two methods to deal with the
inner boundary conditions atA andB:
• The numerical fluxesf̂j+1/2, which are used

to compute a conservation approximation to the
derivative

fx |x=xj
≈ 1

1x
(f̂j+1/2 − f̂j−1/2),

are computed either by Model I, when the point
xj+1/2 is inside [0, A] or [B, L], or by Model
II, when the pointxj+1/2 is inside (A, B). This

is the standard flux matching procedures used in
multi-fluids. Notice that the numerical flux̂fj+1/2

involves several neighboring points (the higher the
order of accuracy of the scheme, the more neigh-
boring points involved), hence when the point
xj+1/2 is inside [0, A] but close to the interfaceA,
the computation of the numerical flux̂fj+1/2 has
already used information from the interval(B, C),
even though the flux itself is consistent with that
of Model I. The coupling of the two models is thus
quite profound. We will refer to this domain de-
composition method as the flux matching method.

• Model I is used to compute the solution in the
whole interval [0, L]. Then, the values of Model I
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Fig. 3. Numerical comparison of kinetic and drift–diffusion models for the Si n+–n–n+ device at Vbias = 2 V. Solid line: the
Boltzmann–Poisson system; dotted line: the DDP system; delta symbols: the domain decomposition LFS–DCBS–LFS flux matching method.
Top left: the charge densityρ in mm−1; top right: the (mean) velocityu in mm/ps; bottom left: the electric fieldE in V/mm; bottom
right: the potentialΦ in V.

(e.g. concentrationρ and potentialΦ) at A andB

are used for the boundary condition of Model II in
[A, B].

4. Silicon device model

The following silicon device channel simula-
tions provide a computational evidence that the
drift–collision balance is achieved within the scale
regime given by the silicon device parameters, the
channel length and the range of the applied voltages.

Here, we consider a one-dimensional Si n+–n–n+

structure of lengthL = 0.6mm. The domain of the

device isΩ = [0, 0.6], and the doping profile given
by C(x) is a sharp step function with density values
5 × 105mm in 0 ≤ x ≤ 0.1 and in 0.5 ≤ x ≤ 0.6
and 2× 103mm in 0.1 < x < 0.4. This is the silicon
device analogue of the GaAs device used by Baranger
and Wilkins [3]. Our simulations were performed for
applied biasesVbias from 0 to 3 V, but to save space we
shall only include below the results forVbias = 2 V.

Other parameters:m = 0.26× 0.9109 (10−30 kg),
e = 0.1602 (10−18 C), kb = 0.138046× 10−4

(10−18 J/K), ε0 = 11.7 × 8.85418 (10−18 F/mm)

andT0 = 300 K. Here, we have chosen constant (in
x) lattice temperature and variable electron mobility,
which are respectively given byΘ0 = (kb/m)T0 and
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Fig. 4. Current–voltage characteristics for the Si n+–n–n+ de-
vice. Solid line: the Boltzmann–Poisson system; dotted line:
the DDP system; delta symbols: the domain decomposition
LFS–DCBS–LFS.

µ(t, x) = e

m
τ(t, x) = 2µ0

1 +
√

1 + 4
(

µ0
vd

E(t, x)
)2

,

(4.1)

whereµ0 = 0.1323 andvd = 0.13.
First we compute the kinetic system (1.1) and (1.2)

with the parameters as described above and bound-
ary conditions as described at the end of Section 2.
From these computations we identify and plot the
non-dimensional parametersη(x), ε(x) and γ (x) on

Fig. 5. Local non-dimensional parameters for the GaAs device, calculated withE(x) from the kinetic simulation results. Left figure: solid
line, η(x); dotted line,ε(x); dashed line,γ (x). Right figure: solid line,α(x); dotted line,β(x).

the left graph andα(x) andβ(x) on the right graph
of Fig. 1. The parameters range of values is character-
ized by the device specific constants, channel length
and applied voltage equals to 2 V.

It is observed thatη(x) ' 1, ε(x) ' 0.05 inside
the channel region, andγ (x), though largely varying
through the device, is very large in the areas of large
doping values and much smaller in the channel region.
Sinceγ is inversely proportional to the characteristic
Debye length associated to the non-dimensionalization
of the Poisson equation, clearly Debye length asymp-
totics applied into the system can only be valid in the
area of large values ofC(x) as it is well known and
accepted. In addition, the asymptotics corresponding
to the channel region has to be done in theε values
for the kinetic self-consistent system.

A point to remark is the fact that the constitutive
form of the mobilityµ(t, x) = µ(|E|) as defined in
(4.1), drives all the dimensionless parameters, which
involve the field magnitude as well, to be very small
varying about constant valuesη∗ = 0.9, ε∗ = 0.05
and γ ∗ = 0.2 in the channel region, from values
of x = 0.1 to x = 0.5mm. Thus, according to the
asymptotics for the kinetic system introduced in Sec-
tion 2, this scaling regime ofη(x) ' 1, ε(x) � 1,
or equivalentlyαβ ' 0 and α/β ≈ 1 corresponds
to the drift–diffusion balance regime (DCBS), where
the moments of the kinetic solution can be approx-
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Fig. 6. Normalized stationary distributionf∞(x, v)/ρ∞(x) at several fixedx for Vbias = 2 V for the GaAs device, obtained from the
kinetic simulation and compared to Maxwellians at lattice temperatureΘ0, centered at ballistic velocity and toP−µE,Θ0. Solid line: kinetic
solution; dashed line:MΘ0(v); thick solid line: P−µE,Θ0(v); dotted line:BΦ,Θ0(v). Top left: at x = 0.15mm; top right: atx = 0.2mm;
bottom left: atx = 0.3mm; bottom right: atx = 0.4mm.

imated by the macroscopic hydrodynamic that solve
the ADDP (2.13)–(2.17) times the moments of the so-
lution P−µE,Θ in (2.18) that solves the drift–collision
balance equation.

Fig. 2 shows the comparison between the kinetic
solution plotted with the Maxwellian centered at
zero, the Maxwellian centered at the ballistic speed
BΦ,Θ0(v), and the distributionP−µE,Θ0. Though the
kinetic solution shows small deviations fromP−µE,Θ0

at the channel entrance, as shown forx near 0.1 in
the upper right graph of Fig. 2, in the remainder of
the channel region, the kinetic solution andP−µE,Θ0

coincide very accurately. In particular, these numer-
ical experiments “validate” the use of the ADDP
system when computing macroscopic hydrodynamic
variables throughout the channel region.

Therefore, we propose a domain decomposition
technique in the space of the dimensionless parame-
ters that involves an adaptive scheme which selects
the computation of the DDP equations in highly
doped regions and ADDP in the channel region.

Since we notice that the change of scales is driven by
the pointx∗, where the electrostatic potential reaches
its minimum, the one-dimensional domain is cut into
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Fig. 7. Normalized stationary distributionf∞(x, v)/ρ∞(x) at several fixedx for Vbias = 2 V for the GaAs device, obtained from the
kinetic simulation and compared to Maxwellians at lattice temperatureΘ0, centered at ballistic velocity and toP−µE,Θ0. Solid line: kinetic
solution; dashed line:MΘ0(v); thick solid line: P−µE,Θ0(v); dotted line:BΦ,Θ0(v). Top left: at x = 0.5mm; top right: atx = 0.55mm;
bottom left: atx = 0.6mm; bottom right: atx = 0.7mm.

three regions as follows. After choosing a 150 points
mesh, a search localizes the mesh pointx∗. In order to
secure that the scale regime is already the one corre-
sponding to the drift–collision balance one, the change
of the computational domainA is chosen at two mesh
points on the right ofx∗. Notice that this choice of
x∗, hence the regions for domain decomposition, is
time-dependent and may change each time step. This
choice secures that the kinetic system has entered in
the scaling regime corresponding to the channel re-
gion, where the kinetic solution matches the distri-
bution P−µE,Θ0. The second pointB in the domain

decomposition is always chosen at the right junction
of the doping, where the doping changes from a low
value to a high value.

The domain decomposition, shown in Fig. 3, is
achieved by the flux matching method between the
DDP and the ADDP systems described in the previ-
ous section, which is standard in multi-fluid simula-
tions. Our computations show a remarkable improve-
ment with respect to the standard drift–diffusion com-
putations in the whole device.

This type of computation, using WENO schemes,
has been already used in [8], however in that work
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Fig. 8. Numerical comparison of the kinetic, the drift–diffusion model and the HD systems for the GaAs n+–n–n+ device atVbias = 2 V.
Solid line: the Boltzmann–Poisson system; dotted line: the DDP system; delta symbols: the HD system. Top left: the charge densityρ in
mm−1; top right: the (mean) velocityu in mm/ps; bottom left: the electric fieldE in V/mm; bottom right: the potentialΦ in V.

there was no specific criteria to choose the pointx∗,
which was obtained basically by trial and error. Here,
we have proposed a systematic way of selecting the
point x∗. The choice ofxω in (2.17) is taken at the
center of the channel region.

Finally, in Fig. 4 we show three current–voltage
characteristic curves. The most deviated from the one
produced by the kinetic system is the curve for the
DDP system. The IV-curve computed with the domain
decomposition shows a sharp improvement (of the or-
der of a factor of 10) over the DDP result. This numer-
ical evidence indicates that the DCBS and thus, the

ADDP system, are valid as asymptotic scaling limits
for the system (1.1) and (1.2) in this range of param-
eters.

5. GaAs device model

Here, we consider a one-dimensional GaAs
n+–n–n+ structure of lengthL = 0.8mm. The do-
main of the device isΩ = [0, 0.8], and the doping
profile given byC(x) is a sharp step function with
density values 1× 106 mm in 0 ≤ x ≤ 0.2 and in
0.6 ≤ x ≤ 0.8 and 2×103 mm in 0.2 < x < 0.6. This
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Fig. 9. Numerical comparison of the kinetic and the BHD systems for the GaAs n+–n–n+ device atVbias = 2 V. Solid line: the
Boltzmann–Poisson system; square symbols: the BHDT system; dotted line: the BHD0 system. Top left: the charge densityρ in mm−1;
top right: the (mean) velocityu in mm/ps; bottom left: the electric fieldE in V/mm; bottom right: the potentialΦ in V.

is the GaAs device used by Baranger and Wilkins
[3,11]. Our simulations were performed for applied
biasesVbias from 0 to 3 V, but to save space we shall
only include below the results forVbias = 2 V.

Other parameters:m = 0.065×0.9109 (10−30 kg),
e = 0.1602 (10−18 C), kb = 0.138046×10−4 (10−18

J/K), ε0 = 13.2 × 8.85418 (10−18 F/mm) andT0 =
300 K. The variable electron mobility is given by

µ(t, x) = e

m
τ(t, x) = 2µ0

1 +
√

1 + 4
(

µ0
vd

E(t, x)
)2

,

whereµ0 = 4 andvd = 2.

As in the case of the silicon devices, in Fig. 5 we plot
the dimensionless parametersη(x), ε(x) andγ (x) on
the left-hand side andα(x) andβ(x) on the right-hand
side. The departure from the DCBS is shown by the
fact thatη is larger than 1 or equivalently,α and β

values separate from each other, whileβ remains very
smallβ ' 0.05. This is the indication of the BS.

Indeed, Figs. 6 and 7 show a comparison of the
solution of the kinetic system (1.1) and (1.2) with a
Maxwellian centered at zeroMΘ0(v), a Maxwellian
centered at the ballistic speedBΦ,Θ0(v) = MΘ0(v−B)

and the distributionP−µE,Θ0(v). Clearly, the kinetic
solution cannot be approximated by any of these dis-
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Fig. 10. Left figure: Current–voltage characteristics for the GaAs n+–n–n+ device. Solid line: the Boltzmann–Poisson system; dashed
line: the BHDT system; dotted line: the BHD0 system; dash-dotted line: the DDP system. Right figure: numerical comparison of the local
temperature for the kinetic and the BHD systems for the GaAs n+–n–n+ device atVbias = 2 V. Solid line: the Boltzmann–Poisson system;
square symbols: the BHDT system; dotted line: the BHD0 system.

tributions. Nevertheless, well inside the channel, the
distributionP−µE,Θ0(v) captures the tail of the kinetic
solution and the distributionBΦ,Θ0(v) localizes the
maximum peak of the kinetic solution with a variance
that seems to be a fraction of the lattice temperature
Θ0. This observation has led us to the derivation of the
hydrodynamic system (2.19), (2.20) and (2.24). This
system has been obtained by a moment expansion with
the closure based on the ansatz that the kinetic solution
is approximated by the convex combination (2.22).

In Fig. 8 we show the comparisons of the kinetic
solution, the DDP computation and the hydrodynamic
system (HD) used previously in [7,13]. The DDP and
the HD results are clearly unsatisfactory. We remark
that tests performed in [7] indicate that HD model
agrees well with the kinetic calculations when a dop-
ing dependent mobility is used, but poorly when a
electric field dependent mobility is used, as is done
here. We have computed HD only in the channel re-
gion [0.2,0.6] with boundary data from the steady re-
sults of the DDP computation for the density and the
potential, and with temperature boundary condition
given by the lattice temperature.

In Fig. 9, we show the comparison between the
kinetic, the BHD0 and the BHDT system. The BHD0
which corresponds to the pure ballistic case gives us

very good results. As a second option, we consider
the BHDT system withΘ1 = 0.4Θ0 andν fixed by
the condition (2.23). The choice of the fraction 0.4 is
because the variance of the Maxwellian peak of the
kinetic distribution function on the channel in Figs. 6
and 7 seems to be of this order. The choice of 0.4
is not important as the results forν from 0.3 to 0.6
are all similar. The mean velocity is overestimated by
the BHDT system while it is underestimated by the
BHD0 system. We have computed BHD0 and BHDT
only in the channel region [0.2,0.6] with boundary
data from the steady results of the DDP computation
for the density and the potential, and with temperature
boundary condition given by the lattice temperature
as we did for the HD system.

The codes for BHD0 and BHDT are extremely sta-
ble and run very fast since the CFL condition can be
relaxed compared to the HD system, as there is no
second derivative heat conduction terms in the sys-
tem. Comparing computational times, DDP is 10 times
faster than BHD0 or BHDT and the kinetic code is 10
times slower than BHD0 or BHDT. The computational
time for the kinetic run is about 30 min on a Pentium
II.

More general domain decomposition for the new
hydrodynamic systems BHD0 or BHDT, perhaps cou-
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pled with the original HD, in a way similar to the
domain decomposition for DDP and ADDP we per-
formed in the previous section, is currently under in-
vestigation and will be reported elsewhere.

The current results in units of 10−6 A/mm2 for the
five runs atVbias = 2 V are summarized in the follow-
ing table:

Code Kinetic DDP HD BHD0 BHD
Current 2394 7062 230 2343 2472

We can clearly see that the DDP system overesti-
mates the current by a tremendous factor while the HD
system underestimates it considerably. The compar-
isons of the current–voltage characteristics for these
two systems can be seen in [7].

Next, in Fig. 10 (left-hand side) we have computed
the current–voltage characteristics for the kinetic sim-
ulation compare to the DDP, the BHD0 and the BHDT
results. The DDP clearly give us very unsatisfactory
results. The results of both BHD models are very accu-
rate in general comparing with other known results for
this device. For potential drops in the interval [0,0.5]
the results are not so good because the transport is not
very ballistic for small potential drops. In the interval
[0.5,2.0] the model BHDT is a better approximation
than the pure ballistic model BHD0. In the interval
[2.0,3.0] BHD0 is a better approximation than BHDT.

Finally in Fig. 10 (right-hand side) we show the
comparisons of the local temperature for the kinetic
simulation, the BHDT and the BHD0 model. The re-
sults show that the pure ballistic model gives a bet-
ter approximation to the temperature than the BHDT
model does forVbias = 2 V.

6. Conclusions

A numerical study of domain decomposition tech-
niques has been performed and show that charge par-
ticle transport in n+–n–n+ devices can be very well
approximated by a multi-fluid hydrodynamic system
of equations. This technique yields considerable bet-
ter results with respect to drift–diffusion or previous
hydrodynamic calculations, at a much lower compu-
tational cost than the full kinetic deterministic com-
putations or Monte Carlo computations.

Our computational results show that our technique
provides almost identical current–voltage curves as
the kinetic ones for dimensions corresponding to a
silicon channel device and applied bias between 0.5
and 3 V. In the case of GaAs device dimensions, the
improvement is even better, as it is well known that
drift–diffusion does not produce good results. The do-
main decomposition is in the space of the dimension-
less parameters, which reflect a delicate interplay be-
tween the magnitudes involved.
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