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Abstract

W e study a three dimensional mo del for driv en gran ular media in whic h par-

ticles in teract inelastically while they follo w Bro wnian dynamics in b et w een

collisions. A steady Boltzmann-t yp e kinetic equation asso ciated to a pseudo-

Maxw ellian mo del is analysed. Homogeneous steady states are found b y a

small inelasticit y expansion. These states are giv en b y a Maxw ellian distri-

bution corrected b y the second Sonine p olynomial up to third order in the

expansion. The resulting correction is a quartic p olynomial in v elo cit y space.

This result agrees qualitativ ely with the molecular dynamics sim ulation in [1].
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I. INTR ODUCTION

In recen t y ears a significan t in terest has b een fo cused on the study of kinetic mo dels

for rapid gran ular flo ws. Exp erimen tal and n umerical data from Molecular Dynamics (MD)

sim ulations indicate that particle distribution functions are far from Gaussian distributions

when particles collide inelastically . Our w ork is motiv ated b y a recen t one [1], where molec-

ular dynamics sim ulations of a homogeneous gran ular flo w, driv en b y a heat bath, sho w a

clear deviation from Gaussian states. As a consequence, w e lo ok for steady distributions of

gran ular flo ws driv en b y random accelerations. Our aim is to find an appro ximate steady

solution for a simplified homogeneous inelastic Boltzmann–Ensk og mo del. Our expansion

parameter is the energy dissipation rate.

F ollo wing the initial w ork of [2], to simplify w e assume the Boltzmann-Ensk og inelastic

collision op erator in tro duced as an analog to the case of Maxw ellian molecules in the classical

elastic Boltzmann equation. This pseudo-Maxw ellian appro ximation assumes a collision

frequency indep enden t of the relativ e v elo cities, but prop ortional to the square-ro ot of the

kinetic temp erature through a constan t S . This constan t S is fixed in suc h a w a y that the

energy loss coincides with the one from the hard-spheres collision op erator Q hs . In particular

this mo del repro duces the steady temp erature according to a recen t 3-D molecular dynamics

sim ulation. Suc h a reduction allo ws us the explicit computation of stationary isotropic

homogeneous solutions for small energy dissipation p erturbations. Then, w e find that the

corrections to these p erturbations can only b e Gaussian distributions m ultiplied b y a factor

giv en b y the second Sonine p olynomial. The second Sonine p olynomial is related to the

second isotropic eigen v alue of the linearized classical Boltzmann elastic op erator.

In particular, the stationary solution, to second order accuracy in energy dissipation

rate, is giv en b y a Maxw ellian distribution m ultiplied b y a factor prop ortional to a quartic

p olynomial in v elo cit y space. Suc h solution qualitativ ely agrees with the one computed

in [1], figure 3. Let us remark that our computation of the solution is rigorous once the

expansion in the dissipation rate is p erformed.
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Being more precise, w e p erform a statistical mec hanics analysis of the dynamics of p erfect

spheres of diameter σ > 0 colliding inelastically in a thermal bath of infinite temp erature.

Because of inelastic collisions particles are constan tly losing energy , the inclusion of an energy

input mec hanism allo ws to ac hiev e a steady state. Then, a uniformly heated system is ob-

tained b y assuming Bro wnian motion of the particles b et w een collisions. The corresp onding

equation of motion can b e written as the Langevin equation

x ′′ = Γ( t)

where Γ( t) is a white noise sto c hastic force with indep enden t, iden tically Gaussian dis-

tributed pro cesses of v ariance F , that is, 〈 Γ( t) , Γ( t ′) 〉 = 2 F δ ( t − t ′).

Concerning the collision mec hanism, if ( x, v ) and ( x − σ n, w ) are the states of tw o particles

b efore a collision, where n ∈ S 2 is the unit v ector along the cen ter of b oth spheres, the p ost-

collisional v elo cities are found b y assuming that the total momen tum is preserv ed, but part

of the normal relativ e v elo cit y is lost, that is,

n · ( v ′ − w ′) = − e (( v − w ) · n )

where 0 < e ≤ 1 is called the restitution co efficien t.

W e can then easily construct the p ost-collisional v elo cities as

v ′ =
1
2

( v + w ) +
V ′

2
(1.1)

w ′ =
1
2

( v + w ) −
V ′

2
(1.2)

where V ′ = V − (1 + e )( V · n ) n , V = v − w and V ′ = v ′ − w ′. Let us denote b y v ∗ and w ∗

the precollisional v elo cities corresp onding to v and w .

Therefore, follo wing the standard pro cedures of kinetic theory [3–6], w e can find a

Boltzmann-Ensk og equation for inelastic hard spheres in a thermal bath. This equation

reads as

∂ f
∂ t

= Q hs ( f , f ) + L F P f (1.3)

3



where Q hs is the collision op erator for inelastic hard-spheres [4,5] and L F P is the F okk er-

Planc k op erator. This op erator tak es in to accoun t the white noise in teraction b et w een

collisions and using Ito’s sto c hastic calculus is giv en b y

L F P f = F ∆ v f . (1.4)

The corresp onding homogeneous Boltzmann equation for inelastic particles under the

pseudo-Maxw ellian appro ximation in a heat bath is giv en b y

∂ f
∂ t

= B ( ρ, t) Q ε ( f , f ) + L F P f (1.5)

where

Q ε ( f , f ) =
1

4 π

∫

3

∫

S 2

[

f ( t, v ∗ ) f ( t, w ∗ )
1
e

− f ( t, v ) f ( t, w )

]

dn dw (1.6)

with

B ( ρ, t) = π S σ 2 G ( ρ )
√

θ ( t) = B ( ρ )
√

θ ( t) (1.7)

and the lab el ε refers to the temp erature dissipation rate ε = 1 − e 2

4 . Here, v ∗ , w ∗ are the

precollisional v elo cities asso ciated with the collision mec hanism

v ′ =
1
2

( v + w ) +
1 − e

4
( v − w ) +

1 + e
4

|v − w |n (1.8)

w ′ =
1
2

( v + w ) −
1 − e

4
( v − w ) −

1 + e
4

|v − w |n . (1.9)

Also, ρ , u and θ ( t) are the densit y , the mean v elo cit y and temp erature of the distribution

f . Since b oth Q ε ( f , f ) and L F P f preserv e densit y and mean v elo cit y , these quan tities are

just constan ts. The function G ( ρ ) tak es in to accoun t dense gas effects [5,1].

The op erator Q ε ( f , f ) acts on functions ψ ∈ C ∞
0 ( R 3 ) as

〈 Q ε ( f , f ) , ψ 〉 =
1

4 π

∫

3 × 3 × S 2

f ( t, w ) f ( t, v )[ ψ ( v ′) − ψ ( v )] dv dw dn ,

where v ′ is computed b y

v ′ =
1
2

( v + w ) +
1 − e

4
( v − w ) +

1 + e
4

|v − w |n . (1.10)
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The existence of suc h steady states in heated gran ular media w as pro v ed in the one

dimensional case for a differen t collision op erator in [7] and discussed for a discrete n um b er

of particles in [8]; see also [9,10]. As a first result w e find the equation of state for the steady

state whic h is giv en b y

θ ∞ ( ρ ) =

(
2 F

B ( ρ ) ρε

) 2 / 3

.

Precisely , this prediction coincides with the results sho wn in figure 1 and 2, corresp onding

to a recen t three dimensional molecular dynamics sim ulation. Figures 1 and 2 sho w the

steady state kinetic temp erature as a function of the heat bath temp erature F and as a

function of the energy dissipation rate ε = 1 − e 2

4 , whic h clearly coincide with the ab o v e

form ula for θ ∞ . These sim ulations are p erformed in a finite b o x with a fixed n um b er of

particles. In addition w e p oin t out that this dep endence of θ ∞ on ρ , ε and F coincides with

the one dimensional molecular dynamics results sho wn in [8] (Figures 3, 4 and 5).

Though our w ork has b een strongly motiv ated b y the MD sim ulation of a 2-D hard-

spheres mo del in a finite b o x [1], w e p erformed it in 3-D w ere the collision op erator has a

natural in v ariance in spherical co ordinates that yields the represen tation (1.6). Similar data

corresp onding to 3-D MD sim ulations are not a v ailable, but those sim ulations are curren tly

under w a y .

I I. TEMPERA TURE DISSIP A TION

W e first find the equation for the ev olution of the second momen t of the distribution

function. Let us consider ρ , u and θ ( t) the densit y , mean v elo cit y and temp erature of

f ( t, v ). Th us, f m ust satisfy
∫

3

f dv = ρ ,
∫

3

v f dv = ρu ,
∫

3

|v − u |2 f dv = 3 ρθ . (2.1)

Let us remark that the computation of the second momen t without the F okk er-Planc k

op erator w as done for isotropic solutions in [2] using F ourier transform tec hniques. W e

include here this computation in a differen t w a y whic h is v alid for general distributions.
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Computing the in tegral of Q ε ( f , f ) m ultiplied b y |v − u |2 w e deduce

3 ρθ ′( t) =
d
dt

∫

3

|v − u |2 f ( v ) dv

=
B ( ρ, t)

4 π

∫

3 × 3 × S 2

f ( v ) f ( w )( |v ′ − u |2 − |v − u |2 ) dv dw dn + 6 F ρ . (2.2)

W e c hange v ariables in the collision in tegral finding

∫

3 × 3 × S 2

f ( v ) f ( w )( |v ′ − u |2 − |v − u |2 ) dv dw dn

=
∫

3 × 3 × S 2

f ( v + u ) f ( w + u )( |v ′|2 − |v |2 ) dv dw dn . (2.3)

No w, w e need to compute |v ′|2 . In order to simplify this computation w e use the unitary

linear c hange of v ariables giv en b y the v elo cit y of the cen ter of mass - relativ e v elo cit y system

( v , V ) =

(
v + w

2
, v − w

)

,

so that

v ′ = v +
1 − e

4
V +

1 + e
4

|V | · n (2.4)

then

|v ′|2 = | v |2 +
1 + e 2

8
|V |2 +

1 − e
2

v · V +
1 + e

2
|V | v · n +

1 − e 2

8
|V |V · n .

Since the in tegral on the unit v ector n go es through in (2.3), the in tegrals con taining |V | v · n

and |V |V · n will v anish. On the other hand, due to v · V = 1
2 ( |v |2 − |w |2 ) and (2.1) the

in tegral con taining v · V v anishes to o. In addition, rewriting v and V in the original

v ariables yields

| v |2 +
1 + e 2

8
|V |2 =

3 + e 2

8
( |v |2 + |w |2 ) +

1 − e 2

4
v · w ; (2.5)

therefore the collision in tegral of (2.2) can b e computed as

B ( ρ ) θ 1 / 2

∫

3 × 3

f ( v + u ) f ( w + u )

[
3 + e 2

8
( |v |2 + |w |2 ) − |v |2

]

dw dv . (2.6)
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since the term with v · w v anishes to o due to (2.1). Again, using prop erties (2.1), (2.6)

results in

= B ( ρ ) θ 1 / 2

∫

3 × 3

f ( v + u ) f ( w + u )

[
( − 5 + e 2 )

8
|v |2 +

3 + e 2

8
|w |2

]

dv dw

= − 3 B ( ρ ) ρ 2 1 − e 2

4
θ 3 / 2 = − 3 B ( ρ ) ρ 2 εθ 3 / 2 . (2.7)

Therefore com bining (2.2) and (2.7) yields the equation

ρθ ′( t) = − B ( ρ ) ρ 2 εθ 3 / 2 + 2 F ρ (2.8)

or equiv alen tly the temp erature dissipation equation

θ ′ = − B ( ρ ) ρεθ 3 / 2 + 2 F . (2.9)

No w, w e fix the v alue of the constan t S . The dissipation term in temp erature arising from

the collision op erator Q ε is giv en b y γ ε = π S σ 2 G ( ρ ) ρε = B ( ρ ) ρε while the dissipation term

arising from the hard-spheres original op erator Q hs is giv en b y [5,1] γ hs = 8
√

π σ 2 G ( ρ ) ρε .

W e set S b y γ ε = γ hs and then S = 8√
π . Th us, finally the temp erature equation can b e

written as

θ ′ = − γ ε θ
3 / 2 + 2 F . (2.10)

Let us remark that this equation is also v alid for the hard-spheres case.

The equilibrium p oin t corresp onds to a p ossible steady state f s
ρ,u whose temp erature

θ ∞ ( ρ ) is explicitly giv en b y

θ ∞ ( ρ ) =

(
2 F

B ( ρ ) ρε

) 2 / 3

=

(
2
γ ε

F

) 2 / 3

. (2.11)

This temp erature is asymptotically stable for the ODE (2.10). Moreo v er, it is easy to see

that a steady state f s
ρ,u can b e obtained from a normalized steady state f s

1 ,0 = f s b y the

self-similar relation

f s
ρ,u ( v ) = ρA ( ρ ) − 3 / 2 f s ( A ( ρ ) − 1 / 2 ( v − u )) (2.12)
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where

A ( ρ ) = ρ − 2 / 3

(
G (1)
G ( ρ )

) 2 / 3

=
θ ∞ ( ρ )

θ ∞
=

√
θ ∞ G (1)

ρ
√

θ ∞ ( ρ ) G ( ρ )

and θ ∞ = θ ∞ (1). In this sense w e can sa y that the steady states are self-similar solutions.

Let us also finally p oin t out that the dep endency on ρ of θ ∞ ( ρ ) (2.11) and the relation

(2.12) for G = 1 coincides with the one dimensional gran ular media mo dels dev elop ed in

[7,10]. Let us remark again that the form ula (2.11) app ears in [8] for a one-dimensional

problem.

I I I. AN APPR O XIMA TION F ORMULA F OR THE STEAD Y ST A TE

Assuming the existence of a steady state solution f s
ρ,u w e shall p erform a small inelasticit y

expansion and a linearization of the op erator to compute a small inelasticit y appro ximation

of this steady state. Let us tak e unit densit y and zero mean v elo cit y and fo cus on an

expansion of f s since using (2.12) w e pro duce an expansion for f s
ρ,u . Let us remem b er that

f s has temp erature

θ ∞ =

(
2 F
B ε

) 2 / 3

(3.1)

with B = 8
√

π σ 2 G (1) and assumed to satisfy

B
√

θ ∞ Q ε ( f
s , f s ) + L F P f s = 0 . (3.2)

The expansion parameter is giv en b y ε = 1 − e 2

4 . Therefore, w e can appro ximate the

restitution co efficien t b y e =
√

1 − 4 ε ≈ 1 − 2 ε − 2 ε 2 . The reason for this c hoice is tw ofold:

on one hand ε is the parameter in v olv ed in the dissipation term for the temp erature equation;

on the other hand ε app ears as a small eigen v alue of the linearized op erator Q ε ab out Dirac’s

delta distribution whic h has a lot of imp ortan t consequences in the asymptotic b eha vior of

the distribution for small inelasticit y in the unheated case θ b = 0, see [2].

W e p erform the expansion o v er the action of the op erator Q ε since it is easier to ev aluate

it in this form. The precollisional v elo cit y v ′ is giv en b y
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v ′ =
1
2

( v + w ) +
1 − e

4
( v − w ) +

1 + e
4

|v − w |n ≈

=
1
2

( v + w ) +
1
2

|v − w |n +
1
2

( ε + ε 2 )( v − w ) −
1
2

( ε + ε 2 ) |v − w |n

= v 0 + ( ε + ε 2 ) v 1 . (3.3)

Here v 0 = 1
2 ( v + w ) + 1

2 |v − w |n is the precollisional v elo cit y corresp onding to an elastic

collision and v 1 = 1
2 ( V − |V |n ) the dissipated part of the p ost collisional v elo cit y , whic h

dep ends only on the relativ e v elo cit y and the collision angle.

W e lo ok for the steady state as an ε 2 -p erturbation of a Maxw ellian distribution with

temp erature θ ∞ ; therefore

f s ( v ) = M θ ∞ (1 + ε 2 g ) = M θ ∞ + g̃

with
∫

g̃ dv = 0. Linearizing Q ε ( f , f ) ab out M θ ∞ on (3.2) yields an equation for g

B
√

θ ∞ Q ε ( M θ ∞ , M θ ∞ ) + 2 B
√

θ ∞ Q ε ( M θ ∞ , g̃ ) + L F P ( M θ ∞ ) + L F P ( g̃ ) = 0 . (3.4)

On the other hand, since Q ε dep ends on the restitution co efficien t e ≈ 1 − 2 ε − 2 ε 2 w e expand

Q ε expressed in a w eak form b y using a T a ylor series in ε for ψ ( v ′), that is, for ψ ∈ C ∞
0 ( R )

and v = v + w
2 ,

ψ ( v ′) = ψ ( v 0 + ( ε + ε 2 ) v 1 )

= ψ ( v 0 ) + ( ε + ε 2 )( v 1 · ( ∇ v ) ψ )( v 0 )) +
ε 2

2
v ⊗ 2

1 · ( H v ψ )( v 0 ) + O ( ε 3 ) (3.5)

where H v ψ ( v 0 ) denotes the Hessian of ψ with resp ect to v at v 0 . Then inserting (3.5) in

the w eak form ulation of the collision in tegral and in tegrating b y parts w e ha v e

〈 Q ε ( f , f ) , ψ 〉 = 〈 Q 0 ( f , f ) , ψ 〉 +
(
ε + ε 2

)
〈 R ( f , f ) , ψ 〉 +

ε 2

2
〈 S ( f , f ) , ψ 〉 (3.6)

where Q 0 is the classical elastic Boltzmann collision op erator for Maxw ellian molecules,

〈 R ( f , f ) , ψ 〉 = −
1

8 π

∫

3 × 3 × S 2

( V − |V |n ) · ∇ v [f ( v ) f ( w )] ψ ( v 0 ) dv dw dn (3.7)

and

9



〈 S ( f , f ) , ψ 〉 =
1

16 π

∫

3 × 3 × S 2

( V − |V |n ) ⊗ 2 · H v [f ( v ) f ( w )] ψ ( v 0 ) dv dw dn . (3.8)

Since all the Maxw ellian distributions are in the k ernel of the classical op erator Q 0 w e

ha v e Q 0 ( M θ ∞ , M θ ∞ ) = 0. Therefore, g̃ m ust satisfy the equation

0 = B
√

θ ∞

〈
( ε + ε 2 )

[
R ( M θ ∞ , M θ ∞ ) + 2 R ( M θ ∞ , g̃ )

]
+

+
ε 2

2

[
S ( M θ ∞ , M θ ∞ ) + 2 S ( M θ ∞ , g̃ )

]
, ψ

〉

+2 B
√

θ ∞ 〈 Q 0 ( M θ ∞ , g̃ ) , ψ 〉 + 〈 L F P M θ ∞ , ψ 〉 + 〈 L F P g̃ , ψ 〉 + O ( ε 3 ) . (3.9)

It is straigh tforw ard to find

L F P M θ ∞ ( v ) =
F
θ ∞

(

− 3 +
|v |2

θ ∞

)

M θ ∞ ( v ) = −
ε
2

B
√

θ ∞ M θ ∞

[

3 −
|v |2

θ ∞

]

. (3.10)

Next, replacing (3.10) in to (3.9) and taking in to accoun t that g̃ = ε 2 M θ ∞ g the follo wing

equation is v alid for g

0 = ε − 1 B
√

θ ∞

[

〈 R ( M θ ∞ , M θ ∞ ) , ψ 〉 −

〈
1
2

M θ ∞

(

3 −
|v |2

θ ∞

)

, ψ

〉]

+ B
√

θ ∞

〈

( R +
1
2

S )( M θ ∞ , M θ ∞ ) , ψ

〉

+ 2 B
√

θ ∞ 〈 Q 0 ( M θ ∞ , g M θ ∞ ) , ψ 〉

+ 〈 L F P ( M θ ∞ g ) , ψ 〉 + O ( ε ) . (3.11)

The terms R and S ev aluated on ( M θ ∞ , M θ ∞ ) can b e computed exactly . The computation

is giv en in the app endix and yields

〈 R ( M θ ∞ , M θ ∞ ) , ψ 〉 =

〈
1
2

M θ ∞ ( v )

[

3 −
|v |2

θ ∞

]

, ψ

〉

(3.12)

and

S ( M θ ∞ , M θ ∞ ) = M θ ∞ ( v )

[

−
|v |2

θ ∞
− 3 +

|v |4

3 θ 2
∞

+ 5 −
4
3

|v |2

θ ∞

]

= M θ ∞ ( v )

[
|v |4

3 θ 2
∞

−
7
3

|v |2

θ ∞
+ 2

]

. (3.13)
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This sho ws that the term of order ε − 1 v anishes in (3.11). Next, w e can replace (3.12) and

(3.13) in the w eak form ulation of the equation for g , giv en b y (3.11), obtaining the follo wing

equation for g ,

− 2 B
√

θ ∞ Q 0 ( M θ ∞ , g M θ ∞ ) − L F P ( g M θ ∞ ) =

= B
√

θ ∞ M θ ∞

[
1
2

(

3 −
|v |2

θ ∞

)

+
|v |4

6 θ 2
∞

−
7
6

|v |2

θ ∞
+ 1

]

=
1
6

B
√

θ ∞ M θ ∞

[
|v |4

θ 2
∞

−
10 |v |2

θ ∞
+ 15

]

= − h ( v ) . (3.14)

Next, let us consider the linear op erator acting on g

L ( g M θ ∞ ) = 2 B
√

θ ∞ Q 0 ( M θ ∞ , g M θ ∞ ) + L F P ( g M θ ∞ ) . (3.15)

W e need to solv e the problem

L ( g M θ ∞ ) = h ( v ) . (3.16)

W e first discuss the eigen v alue problem asso ciated with the op erator L ( g M θ ∞ ), that is,

L ( g M θ ∞ ) = − λg M θ ∞ . (3.17)

W e restrict ourselv es to the case of isotropic eigenfunctions. W e recall from [3], [11] that the

isotropic eigenfunctions of the op erators Q 0 ( M θ ∞ , g M θ ∞ ) are giv en b y Sonine p olynomials

m ultiplied b y M θ ∞ ( v ). W e recall that the second order Sonine p olynomial [11] is

S (2)
1 / 2 ( ξ ) =

3
24

(
15 − 20 ξ + 4 ξ 2

)
(3.18)

for an y ξ ∈ R , and if w e define the function

P ( v ) = S (2)
1 / 2

(
|v |2

2 θ ∞

)

=
3
24

(

15 −
10 |v |2

θ ∞
+

|v |4

θ 2
∞

)

(3.19)

then, the function h ( v ) is giv en b y

h ( v ) = −
4
3

B
√

θ ∞ M θ ∞ P . (3.20)
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W e also recall [12,13] that

2 Q 0

(

M θ ∞ , S (2)
1 / 2

(
|v |2

2 θ ∞

)

M θ ∞

)

= − λ 20 S (2)
1 / 2

(
|v |2

2 θ ∞

)

M θ ∞ ( v ) (3.21)

with λ 20 = 1
3 .

Next, w e sho w that the function M θ ∞ P = M θ ∞ S (2)
1 / 2 ( |v |2

2 θ ∞
) is an eigen v ector with zero

eigen v alue for the op erator L F P = F ∆ v up to an order of ε 2 / 3 . W e first compute

L F P ( M θ ∞ P ) = F M θ ∞

(

P
( |v |2

θ ∞
− 3

) 1
θ ∞

−
v

θ ∞
· ∇ v P + ∆ v P

)

=
1

θ ∞
F M θ ∞

3
24

(

− 105 + 85
|v |2

θ ∞
− 17

|v |4

θ 2
∞

+
|v |6

θ 3
∞

)

. (3.22)

No w, b y (3.1) θ − 1
∞ = O ( ε 2 / 3 ) and th us, L F P ( M θ ∞ P ) = O ( ε 2 / 3 ).

T o finish w e come bac k to (3.16), tak e in to accoun t (3.20) and the previous results for

the eigen v alues of the op erators to find out that

g ( v ) = 4 S (2)
1 / 2

(
|v |2

2 θ ∞

)

M θ ∞ ( v )

is a solution of the equation (3.16) up to order ε . W e conclude b y writing the expansion of

the stationary solution

f s ( v ) = M θ ∞ ( v )

[

1 + 4 ε 2 S (2)
1 / 2

(
|v |2

2 θ ∞

)]

+ O ( ε 3 ) .

No w, w e use the self-similar relation (2.12) to obtain the main result of this pap er.

Theorem I I I.1 The ste ady state f s
ρ,u for (1.5) , up to or der ε 3 , is given by

f s
ρ,u ( v ) = ρM θ ∞ ( ρ ) ( v − u )

[

1 + 4 ε 2 S (2)
1 / 2

(
|v − u |2

2 θ ∞ ( ρ )

)]

+ O ( ε 3 )

with

θ ∞ ( ρ ) =

(
2 F

B ( ρ ) ρε

) 2 / 3

=

(
2
γ ε

F

) 2 / 3

and S (2)
1 / 2 given by formula (3.18) .

12



IV. HEA T BA TH WITH FRICTION

W e ma y also include friction on the particles b et w een collisions assuming that the par-

ticles are in some sort of surrounding heat bath with a fixed finite temp erature θ b . In this

case, the paths of the particles are go v erned b y the Langevin equation

x ′′ +
1
τ

x ′ = Γ( t)

where Γ( t) is a white noise sto c hastic force with indep enden t, iden tically Gaussian dis-

tributed pro cesses of v ariance F , that is, 〈 Γ( t) , Γ( t ′) 〉 = 2 F δ ( t − t ′) with F = θ b
τ and τ > 0

the relaxation time corresp onding to the damping force. The F okk er-Planc k op erator reads

no w as

L 2
F P f =

1
τ

div v ( v f + θ b ∇ v f ) .

In this case, w e can p erform the same computations as b efore and the temp erature dissipa-

tion equation b ecomes

θ ′ +
2
τ

θ = − γ ε θ
3 / 2 +

2
τ

θ b . (4.1)

Also, the mean v elo cit y is no longer preserv ed and is dissipated according to u ( t) = e − t
τ u (0).

The equilibrium p oin t corresp onds to a p ossible steady state f s
ρ with zero mean v elo cit y

where θ ∞ ( ρ ) is giv en b y the unique p ositiv e solution of the equation

θ b = θ +
τ
2

γ ε θ
3 / 2 . (4.2)

This temp erature is globally asymptotically stable for the ev olution of the ODE (4.1). In

this case w e do not ha v e a simple relation b et w een f s
ρ and the normalized f s .

The same expansion pro cedure can b e applied to this op erator. The main differences are

that w e do not ha v e a relation as (2.12) to reduce the computation to f s and the computation

of L 2
F P ( M θ ∞ ( ρ ) P ) with P giv en b y

P ( v ) = S (2)
1 / 2

(
|v |2

2 θ ∞ ( ρ )

)

=
3
24

(

15 −
10 |v |2

θ ∞ ( ρ )
+

|v |4

θ ∞ ( ρ ) 2

)

.
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The first one is easily solv ed b y directly expanding f s
ρ . No w, w e compute

L 2
F P ( M θ ∞ ( ρ ) P ) =

M θ ∞ ( ρ )

τ

(

P
(

3 −
|v |2

2

) (
1 −

θ b

θ ∞ ( ρ )

)
+ v

(
1 −

2 θ b

θ ∞ ( ρ )

)
∇ v P + θ b ∆ v P

)

.

(4.3)

No w, b y (4.2) w e ha v e θ ∞ ( ρ ) = θ b + O ( ε ) and therefore, w e can estimate the righ t hand

side of (4.3) as

M θ ∞ ( ρ )

τ
( O ( ε ) − v ∇ v P + θ b ∆ v P ) = − 4

M θ ∞ ( ρ )

τ
P + O ( ε )

th us,

L 2
F P ( M θ ∞ ( ρ ) P ) = −

4
τ

M θ ∞ ( ρ ) P + O ( ε ) .

As a consequence, the expansion for the steady state in this case is

f s
ρ ( v ) = ρM θ ∞ ( ρ ) ( v )

[

1 + ε 2 ¯AS (2)
1 / 2

(
|v |2

2 θ ∞ ( ρ )

) ]

+ O ( ε 3 )

with

¯A = 4

(
τ ρB ( ρ ) θ ∞ ( ρ ) + 3

τ ρB ( ρ ) θ ∞ ( ρ )

)

,

θ ∞ ( ρ ) b eing the unique solution of

θ b = θ +
τ
2

γ ε θ
3 / 2

and S (2)
1 / 2 giv en b y form ula (3.18). F ormally , w e reco v er Theorem I I I.1 b y taking the limit

τ → ∞ , θ b → ∞ in suc h a w a y that F = θ b
τ remains constan t.

V. CONCLUSIONS

W e ha v e found that a reduced mo del to the inelastic hard–spheres Boltzmann–Ensk og

equation, has stationary isotropic homogeneous solutions for small energy dissipation p er-

turbations. These solutions are explicitly giv en and they m ust b e, to quadratic order,

14



Maxw ellian distributions m ultiplied b y a factor giv en b y the second Sonine p olynomial ev al-

uated at the temp erature of the Maxw ellian. The second Sonine p olynomial is related to

the second eigen v alue of the linearized classical Boltzmann elastic op erator. Moreo v er, w e

ha v e obtained rigorously the equation for the temp erature of the steady state (2.11).

Though our w ork has b een strongly motiv ated b y the MD sim ulation of a 2-D hard-

spheres mo del in a finite b o x [1], w e p erformed it in 3-D. Th us, our results are not directly

comparable to those in [1]. Nev ertheless, it repro duces qualitativ ely the difference of the

steady state distribution function with resp ect to a Maxw ellian as sho wn in [1], figure 3.

Moreo v er, figures 1 and 2 sho w that form ula (2.11) agrees v ery w ell with the molecular

dynamics sim ulation.

Let us finally remark that v ery recen t pap ers [14– 16], dealing with the homogeneous

inelastic hard-spheres Boltzmann–Ensk og mo del uniformly heated b y a bath, sho w that

there can b e solutions giv en b y Maxw ellians m ultiplied b y a factor dep ending on the second

Sonine p olynomial. In these pap ers differen t additional assumptions are made in order to

compute this factor dep ending on the energy dissipation rate. One one hand, the presen t

pap er sho ws a more rigorous approac h to find an appro ximation to the steady solution for

the pseudo-maxw ellian mo del sho wing that it m ust b e a Maxw ellian distribution mo dified

b y a factor con taining the second Sonine p olynomial. Ho w ev er, these pap ers sho w that

the co efficien t corresp onding to this p olynomial correction is not necessarily p ositiv e as a

function of the energy dissipation rate. This ma y indicate that a solution for the stationary

inelastic pseudo-maxw ellian mo del migh t b e b etter appro ximated b y a double expansion in

energy dissipation rate at all orders and higher order Sonine p olynomials as w ell. Also, the

v alidit y of the pseudo-maxw ellian mo del should b e examined. These tasks are presen tly

under w a y .

15



VI. APPENDIX

Here, w e calculate (3.7) and (3.8) in order to replace in (3.11). First from (3.7), using

( v , V ) co ordinates

〈 R ( M θ ∞ , M θ ∞ ) , ψ 〉

= −
1

8 π

∫

3 × 3 × S 2

( V − |V |n ) · ∇ v

[

M θ ∞ (
√

2 v ) M θ ∞

(
V
√

2

)]

ψ

(

v +
|V |n

2

)

d v dV dn . (6.1)

Since ∇ v M θ ∞ (
√

2 v ) = − 2 v
θ ∞

M θ ∞ (
√

2 v ) w e ha v e

1
4 π θ ∞

∫

3 × 3 × S 2

M θ ∞ (
√

2 v ) M θ ∞

(
V
√

2

)

( V · v − |V | v · n ) ψ

(

v +
|V |n

2

)

d v dV dn .

(6.2)

No w, considering spherical co ordinates V = |V |k with k ∈ S 2 , sw apping the roles of k and

n , in terc hanging the in tegrals o v er dn b y the one o v er dk and rewriting V = |V |n , (6.2)

b ecomes

1
4 π θ ∞

∫

3 × 3 × S 2

M θ ∞ (
√

2 v ) M θ ∞

(
V
√

2

)

( |V | v · k − v · V ) ψ ( v ) d v dV dk . (6.3)

The in tegration with resp ect to k on S 2 can b e p erformed and the in tegral of the term

v · k v anishes. Returning to ( v , w ) co ordinates and taking in to accoun t v · V = |v |2 −| w |2

2 ,

(6.3) b ecomes

−
1

2 θ ∞

∫

3 × 3

M θ ∞ ( v ) M θ ∞ ( w )( |v |2 − |w |2 ) ψ ( v ) dv dw . (6.4)

Therefore the op erator R ( M θ ∞ , M θ ∞ ) can b e expressed as

−
1
2

∫

3

1
θ ∞

M θ ∞ ( v ) M θ ∞ ( w )( |v |2 − |w |2 ) dw = −
1

2 θ ∞
M θ ∞ ( v )( |v |2 − 3 θ ∞ ) (6.5)

whic h finally giv es (3.12).

W e pro ceed similarly in order to compute S ( M θ ∞ , M θ ∞ ). Expressing the first in tegral on

S in ( v , V ) v ariables, computing

H v

(
M θ ∞ (

√
2 v )

)
= M θ ∞ (

√
2 v )

(

−
2

θ ∞
I +

4
θ 2

∞

v ⊗ 2

)

(6.6)
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and sw apping the role of n and k as done for R w e ha v e

1
8 π

∫

3 × 3 × S 2

M θ ∞

( V
√

2

)
M θ ∞ (

√
2 v )

(

−
1

θ ∞
I +

2
θ 2

∞

v ⊗ 2

)

(
|V |2 k ⊗ 2 − 2 |V |V ⊗ k + V ⊗ 2

)
ψ ( v ) dk d v dV .

No w, p erforming the in tegration with resp ect to k ∈ S 2 , recalling
∫

S 2 k ⊗ 2 dk = 4 π
3 I ,

∫
S 2 V ⊗

k dk = 0 and
∫

S 2 dk = 4 π and reducing the matrices, (6.6) b ecomes

1
2

∫

6

M θ ∞

( V
√

2

)
M θ ∞ (

√
2 v )

[

−
|V |2

θ ∞
+

2
3 θ 2

∞
| v |2 |V |2 −

|V |2

θ ∞
+

2
θ 2

∞
v ⊗ 2 · V ⊗ 2

]

ψ ( v ) d v dV ,

th us, rewriting this in tegral in the original co ordinates,

∫

6

M θ ∞ ( v ) M θ ∞ ( w )

[

−
|v − w |2

2 θ ∞
+

|v − w |2 |v + w |2

12 θ 2
∞

−
|v − w |2

2 θ ∞

+
1

4 θ 2
∞

( v + w ) ⊗ 2 · ( v − w ) ⊗ 2

]

ψ ( v ) dv dw

=
∫

6

M θ ∞ ( v ) M θ ∞ ( w )

[

−
|v |2 + |w |2 − 2 v · w

θ ∞
+

( |v |2 + |w |2 ) 2 − 4( v · w ) 2

12 θ 2
∞

+
( |v |2 − |w |2 ) 2

4 θ 2
∞

]

ψ ( v ) dv dw . (6.7)

No w, w e ha v e to in tegrate with resp ect to w : w e mak e use of the in tegral

∫

3

M θ ∞ ( w )( v · w ) 2 dw =
∫ ∞

0
M θ ∞ ( w ) |v |2 |w |4 d |w |

∫

S 2

( n 1 · n 2 ) 2 dn 2

=
4 π
3

∫

3

M θ ∞ ( w ) |v |2 |w |4 d |w | =
1
3

∫

3

M θ ∞ ( w ) |v |2 |w |2 dw ,

and of the fact that the in tegral in w of the term v · w v anishes. Therefore, the term

S ( M θ ∞ , M θ ∞ ) b ecomes

M θ ∞ ( v )
∫

3

M θ ∞ ( w )

(

−
|v |2 + |w |2

θ ∞
+

|v |4 + |w |4

3 θ 2
∞

−
4

9 θ 2
∞

|v |2 |w |2
)

dw . (6.8)

T aking momen ts of M θ ∞ ( w ) one finally pro v es (3.13). In particular

∫
R ( M θ ∞ , M θ ∞ ) dv = 0 =

∫
S ( M θ ∞ , M θ ∞ ) dv .

Th us, w e ha v e c hec k ed our computations in the sense that the first tw o order terms in the

expansion of Q ε preserv e mass.
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FIGURES
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FIG. 1. V alidation of form ula (2.11) b y a 3-D MD sim ulation. Kinetic temp erature v ersus

(1 − e 2 ) − 2 / 3 .

0 0.5 1 1.5 2 2.5 3
0

10

20

30

40

50

60

70

80

F2/3

q ¥

FIG. 2. V alidation of form ula (2.11) b y a 3-D MD sim ulation. Kinetic temp erature v ersus F 2 / 3 .
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