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Abstract
Wl e sty a three dinensional m del for driv en gran ular media  in whic h par-
ticles interact inelastically while  they  follo w Bro wnian  dynamics in betw een
collisions. A steady  Boltznamn-t yp e kinetic  equation  asso ciated to a pseudo-
W ellian  mo del s analysed. Homogeneous steady  states are fond by a
snall inelasticit 'y expansion. These  states are given by a law  ellian distri-

bution  corrected by the second  Soning  p olynomial Up to third order in the
expansion. The  resulting  correction is a quartic  p olynonial in velo city space.

This  result agrees  qualitativ - ely with  the molecular dynanics sin ulation in [1].
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[. INR ODUCTION

In recen t years a significan t interest has been focused on the study of kinetic mo dels
for rapid gran ular flo ws. Exp erimen tal and nunerical  data from  Molecular Dynanics (D)
sin ulations indicate  that particle  distribution functions ~ are far from  Gaussian distributions
when  particles  collide inelastically . Qur work 1is motiv ated by a recen tone [L], where  molec-
ular  dynamics sin ulations  of a homogeneous gran ular flow, driv en by a heat bath, sho w a
clear deviation  from  Gaussian states.  AS 4 consequence, We look for steady  distributions of
gran ular flo ws driv en by randon accelerations. Qur aim is to find an appro ximate  steady
solution ~ for a simplified homogeneous inlastic  Boltzmann-Ensk o mo del. Our expansion
paraneter IS the energy  dissipation rate.

Follo wing the initial work of [2], to simplify — we assune  the Boltzmann-Ensk 0y inelastic
collision  op erator intro duced as an analog to the case of Waw  ellian molecules in the classical
elastic ~ Boltznann equation. This  pseudo-Naxw ellian appro  ximation assunes a collision
frequency indep enden t of the relativ e velo cities, but prop ortional  to the square-ro ot of the
kinetic ~ temp erature  through  a constan t S. This constan t S Qs fixed in suc h a way that the
energy  loss coincides  with the one from  the hard-spheres collision  op erator  Q 4 . In particular
this mo del repro duces the steady temp erature  according  to a recen t 3-D molecular dynamics
sin ulation. Suc h a reduction allows us the explicit  computation of stationary isotropic
homogeneous solutions ~ for small ~ energy  dissipation p erturbations. Then, we fnd that the
corrections  to these  p erturbations can only be Gaussian distributions n ultiplied Dby a factor
given by the secod  Sonine  p olynomial. The  second  Sonine  p olynomial is related  to the
second isotropic  eigen value of the [linearized  classical  Boltzmann elastic op erator.

Inparticular, the  stationary solution, ~ to second  order  accuracy in energy  dissipation
rate, is given Dby a Maw ellian distribution m ultiplied by a factor prop ortional  to a quartic
p olynonial in velocity space.  Suc h solution  qualitativ  ely agrees  with  the one  computed
in [1], foure 3. Let us remark  that our computation of the solution s rigorous  once  the

expansion in the dissipation rate is p erforned.



Being more  precise, we perforn a statistical mec hamics  analysis  of the dynamics of p erfect
spheres  of dianeter 0 > 0 colliding inelastically in a thermal  bath of infinite  temp erature.
Because  of inelastic  collisions  particles ~are constan  tly losing energy , the inclusion  of an energy
input ~ mec hanisn  allows to ac hiev e a steady  state. Then, a unifornly heated  system s ob-
tained by assuming Bro wnian  motion  of the particles between collisions.  The corresp  onding

equation  of motion  can be written  as the Langevin equation

where  T( t) is a white  noise sto chastic  force with indep enden t, iden tically  Caussian dis-
tributed  pro cesses  of variance F , that is, OO( t),M( tYCF 2F 3(t- tb.

Concerning the collision mec hamisn,  if(x, v)and (x- on, w)are the states of two particles
before a collision, where n IS 2 is the unit vector along the cen ter of both spheres,  the post-
collisional ~ velo cities are found by assuming that the total nmomen  tum is preserv ed, but part

of the normal  relativ e velo city is lost, that is,
(e oae((v-ow) o)

were 0 < e < 1 iscalled the restitution  co elcien t.
e can then easily construct  the p ost-collisional velo cities as

O

=

(Vew)s
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O

where vV P= v - (Lt )V o), Vo= v woand VB ovE w Hlet us denote by vPand w U
the  precollisional velo cities corresp onding  to v and W .

Therefore, follo wing  the  standard pro cedures  of kinetic  theory  [3-6], we can fnd a

Bol tzmann-Ensk 0 equation for inelastic ~ hard  spheres  in a thermal bath.  This  equation
reals as

Jf

s Ue(ff) s Leof (L3



where Q4 is the collision  op erator  for inelastic  hard-spheres [45 ad Ly is the Fokk er-
Planc  k op erator. This op erator  tak es into accoun t the white  noise interaction  betw een

collisions  and using  Ito’s sto chastic  calculus s given Dby

L;pf:FAVf. (14)
The  corresp  onding  homogeneous Boltznann equation for inelastic  particles  under  the
peudo-Haxw ellian  appro  ximation ina heat bath is given by
Jf
TR U DA (1.5)
Where
; O oo 1 0
0 .(f,f)= — fv (L O=- F(t,)fF(t,w) d (L.6)
4T[ o 2 £
With
: o o_
B(pt)= mSa6(p) 6(t)= B (p) B(t) (L.7)
and the lab el ¢ refers to the temp erature  dissipation rate ¢ - 1'492. here, vEw Dare the

precollisional velo cities asso ciated  with the collision  mec hanis

vz (vt ow )t e|v-w|n (1.8)

—
l\JlH

AT (L9)

O 2y 4 .
W 2(v W)

Mso, p,u and 6(t) are the densit y, the mean  velo city and temp erature  of the distribution
f. Since both Q (f,f)and Lgpf preserv e densit y and mean  velo city, these quan tities are
just constan  ts. The function G (p) tak es into accomn t dense gas elests  [5,1].

The op erator Q .(f,f)acts on fuctions y OIC; (R?®) as

0
1

@(f )V EF — F)f Y- elw o b,

T mxRIxg?

where v Sis computed by

1 l- 1+
v 2—(v+ BE 4e(v- W)+ 4e|v- W . (1.10)



The  existence  of suc h steady  states in heated  gran ular media  was pro ved in the one
dinensional case for a diferen t collision op erator in [7] and discussed ~ for a discrete num ber
of particles in [8]; see also [9,10]. As a first result we find the equation  of state for the steady

statt whic h Qs given by
U L4

Precisely ~, this prediction  coincides ~ with the results sho wn in figure 1 and 2, corresp  onding
to a recen t three  dimensional molecular dynamics sin ulation. Figures L and 2 sho w the

steady  state kinetic  temp erature  as a function  of the heat Dbath temp erature F and as a

function  of the energy  dissipation rate ¢ - 1‘452, whic h clearly  coincide  with the ab ove
fom ula for B, . These  sim ulations  are p erforned in a fnitt  box with a fxed nun ber of
particles. ~ In addition ~ we poin t out that this dep endence  of 6. on p,eand F coincides  with
the one  dimensional nolecular dynanics results sho wnin [8] (Figures 3, 4 and 5).

Though our work has been strongly  motiv ated by the W sim ulation  of a 2D hard-
spheres  mo del in a finite  box [, we perforned it in 3D were the collisin op erator has a
natural  invariance in spherical  co ordinates  that yields the represen  tation  (1.6). Similar  data

corresp onding  to 3D WD  sim ulations are not available, but those sim ulations  are curren tly

under W ay.

1. TENPERA TURE DISSIP A TION

W e first find the equation for the evolution  of the second  momen  t of the distribution
function. let us consider  p, u and O(t) the densit y, mean  velocity and temp erature  of

f(t,v). Th us, f must satisfy

O 0 O
fa=p, vid = o, V- ulffdv = 3p9 . Q.1)
R& R& R&
Let us remark that  the  computation of the second  momen  t without the Fokk er-Planc K
op erator  was done  for isotropic  solutions  in [2] wusing Fourier  transform tec hniques. e
include  here this computation ina dilefen t way whic h is valid for general  distributions.

5



Computing the integral of Q ,(f,f) m ultiplid by |v- u|* we deduce
0
3 Ht): — V- ouff(v)dv
d R&
0
B (p, t
AU FOOFO)(VE uP- v- uP)d de dn + 6Fp . .2)
4n Rix R3x §2
Wl e change  variables in the collision integral finding
O
FOOFO)VE ulf- - uf)d d dn
RERHS?
= fos )f@ + u)(VE- VHd d dn (2.3)
Rix Rdx §?
No w, we need to compute VY. In order to simplify  this computation We use the unitary
linear change  of variables given by the velo city of the cen ter of mass - relativ e velo city systen
EIV+ | 0
(v,V): N,
2
so that
l- 1+
VO Tty 4e|v |1 2.4)
then
1+ ¢! L - L+ - e
SRR 8—e|v R Ze|v 1T 1+ 89 WV
Since the integral on the unit vector n go es through  in (2.3), the integrals con taining |V |V en
ad V[V -0 owill vanish.  On o the other hand, die to vV o= R([P- ) ad (1) the
integral con taining v -V vanishes  too. In addition, reuriting voand Voin the original
variables  yields
+ p? + p? Y
e S g e @9
§ § 4
therefore  the collision  integral of (2.2) can be computed as
O 0 ) O
11 3t e 2 2 2
B (p)6 f(vtu)f(v+ ) (VIF+ W) - v v odvo. (2.6)
R x R



since the term with v -w vanishes too due to (2.1). Again,  using prop erties (2.1), (2.6)

results in
O 0 2 O
- g (p)plr? Fe fe o) O s Y wow
RYx R 8 8
_ 2
: -3B(p)p21Te93”: - 3B (p)pled /7 . Q.7)

Therefore con bining  (2.2) and (2.7) vyields the equation
o t)= - B (p)pled %+ 2F p (2.8)
or equiv alen tly the temp erature  dissipation equation
BC= -8 (p)ped 24 2F . (2.9)

No w, wefix the value of the constan tS . The dissipation  tern in temp erature  arising  fron
the collision op erator Q. isgiven by y, = mSa%6 (p)pe = B (p)pe vwhile the dissipation tern
arising ~ fron  the hard-spheres original ~ op erator Q4 i given by [51] yp = 8¢ ma6 (p)pe .
eset S byvye= yi ad then S = 48—]7 Th us, finally  the temp erature  equation an be

Written  as
B5= -y, 0%+ 2F . (2.10)

let wus remark  that this equation s also valid for the hard-spheres Case.
The  equilibrium point corresp onds to a possible steady state P, whose  temp erature

B, (p) is explicitly — given by

0, O, 0O, O

B, (p) = O z y—EF : .10

This  temp erature is asymptotically stale  for the ODE  (2.0).  Woreo ver, it is easy to see

that a steady state f7, can be obtained  fron & nomalized steady  state f7, = f° by the
self-similar ~ relation

Foo (V)= g ()P F o (p) (v - ) (2.12)



here

U L5 |

and 6, = 0. (1). In this sense we can say that the steady states are self-similar  solutions.
let us also finally poin t out that the dep endency on pof 6, (p) (211) and the relation

(2.12) for G = 1 coincides  with the one dinensional gran ular media  mo dels dev elop ed in

[7,0.  Llet wus remark  again  that the form ula (2.11) ap ears in [8] for a one-dimensional

problen.

[ A AR 0 XIWA TION F ORMULA FOR TH STEAD Y ST ATE

Assuming the existence  of a steady state solution  fj, we shall perform a snall inelasticit 'y
expansion and a linearization of the op erator to compute a small inelasticit y appro  ximation
of this steady  state. Let us tak e unit densit y and zero mean  velocity ad focus on an
expansion of f° since using (2.12) we pro duce an expansion for fg, . let us reen ber that

f* has temp erature

0, D
2F

. = — 3.1
s (3.1)

| _
with B = 8 w026 (1) and assued  to satisfy

0
B 8, 0 (FS, )+ Lepfoz 0, (3.2)

The  expansion paraneter IS given by ¢ = % Therefore, We can appro ximate  the
restitution  co elcien t by e = ! T-4e¢= 1- 2¢- 2¢%. The reason  for this choice s tw ofold:
on one hand ¢ iS the paraneter involved in the dissipation  tern for the temp erature  equation;
on the other hand ¢ app ears as a small eigen value of the linearized  op erator ( . ab out Dirac’s
delta  distribution whic h has a lot of imp ortan t consequences in the asymptotic beha vior of
the  distribution for small inelasticit y in the unheated case 6y = 0, see [2].

Il e perforn  the expansion over the action of the op erator Q . since it is easier to ev aluate

it in this forn.  The  precollisional velo city vPis given by

§



1 -
vE: 2—(v+w)+ 4e(v-w)+ e|v-w|n=
| | | ) | )
(vt ow )t s w e (et et ) v ow ) (et €T v wn
2 2 2 2
vt (e eb)vy . (3.3)
Here vy = ;—(v tow) 4 §—|v - W |n is the precollisional velo city corresp onding  to an elastic

collisionand vy = ;—(V - |V [n) the dissipated part of the post collisional  velo city, whic h
dep ends only on the relativ e velocity and the collision  angle.
W e look for the steady state as an €Z-p erturbation of a Maw ellian distribution with

tenp erature 6, ; therefore

~

fov)= W (Lt eg)= Ny + 3

O
with §dv = 0. Linearizing 0 (f,f)about W g, on (32 vyields an equation  for ¢

]
B 0 Qe (M g, W g, )t 2B B Q (Mg )t Lep (Mg, )t Lep(G)= 0. (3.4)

On the other hand, since Q . dep ends on the restitution  coelclen te= 1- 2¢- 2¢? we expand
0 ¢ expressed inawek form by using a Taylor series in ¢ for y (v5, that s, for y OIC; (R)

and Vo= -,

b Y= oot (et ey
22

=Y (vo)+ (e eh)(ve  (Or)b)(ve)) 2—sz (K 70 )(vo) + 0 (e7) (3.9)

where  H U (vp) denotes  the Hessian  of | with resp ect to v at vy. Then  inserting (3.5 in

the weak forn ulation of the collision integral and integrating by parts we ha ve

[l 0 2
M (F, ), 0 @ f,F) 03 e+ ¢t B, F),10 EZ—(f,f),w O (3.6)
where (o is the classical  elastic  Boltznann collision  op erator ~ for Naxw  ellian nolecules,
: O
@ (f,f),1F - — (V- ) - O [F()F)]U (vp)dv du dn 3.7
81 Rix R¥x §2

and



]
§(f,f),0 CF —— (- )P H S OOF O] (vo) dv di dn
16T[ R¥x R3x §2

Since all the Maxw ellian distributions are in the kernel of the classical op erator

have Q o(M ¢, W ¢, )= 0. Therefore, § moust satisfy the equation

O 0O O O

0=8 8. (e+ &) R g Mg )+ 2R(Ny ,7) ¢
g2 U 0 -
+2—3(Mem,Mem)+23(Mewg~) y

O
0B 8, @y, i), 003 Meply, 0O Mee§,003 0 ().

It is straigh tforw ard to find
U] ] ] U]
F Iv [ .

] . I
. ORI BT PR

Leoll g, (v):

(3.4)

Qowe

(3.9)

(3.10)

Next, replacing  (3.10) into (3.9) and taking into accon t that § = €l 4, g the follo wing

equation is valid for g

o O 0 0 O (I
o ! vl
0= 878 B B(e 0o )40 Ha 3o
o_ U N 0

+B 6, (R+;—S)(M e )0+ 2B B (Mg, ol g, )0 0

tMep (g, 0),0 0 0 ().

(3.10)

The terns R and S evaluated on (N ¢, ,N 4, )can Dbe computed exactly . The  computation

iSgiven in the app endix and vyields

0, 0,0 D

B, 0, )0 CF Z—Me(V)3‘e—,w
and
Ll L]
v [ v L]

S (M N =l - -3+ 45 L1
ol )= e (V) - 39! 3,

Ll

4 2
Wi T

LA TTRR Y
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(3.12)

(3.19)



This sho ws that the term of order € ! vanishes in (3.11). Next, we can replace  (3.12) and

(3.13) in the weak form ulation of the equation  for g, given by (3.11), obtaining  the follo wing

equation  for ¢,

]
=28 B QoW e 0l g ) Len (ol g )
0 O
TV T 2 e [ A I 1 S
] SR 0. 562 6 0.
. D|v|4 10 v
- 1p i £ 15 = -h . 3.14
6 b e, §2 f. : (V) 19
Next, let us consider  the [linear op erator acting on g
U]
Lol g, )= 28 80 QoW o ool g, )+ Lres (0 5, ). (3.15)
e ned to solve the problen
L(gh g, )= h(v). (3.16)

Wl e first discuss  the eigen value problen asso ciated with  the op erator L (gl 4, ), that s,

L(gh g, )= - MW, . (3.17)
I e restrict ourselv es to the case of isotropic  eigenfunctions. W e recall fron [3], [11] that the
isotropic  eigenfunctions of the op erators Q o(M 4. ,gM 4, ) are given by Sonine  polynomials

n ultiplied by W 4, (v). W e recall that the second  order  Sonine  p olynonial [11] is

3 U

0
$9) = LA 452 (3.18)

for any & CIR, and if we define  the function

R T T B 1 [T T 6.1
M2, /] B B '
then, the function  h(v) is given by
h(v)= - ;l—B Dew Iy, P . (3.20)



e also recall [12,13] that

Iy (v) (3.20)

with )\20 = %—

Iv [

Next, ~we sho w that the fuctin W g P o= W g, Sl(z,)z(m) is an eigen vector with  zero

eigen valie for the op erator L, = F A, up to an order of €2/%. W e first compute

L] L]
Dlvlz Dl v
Leo(l 4. P )= Fll g P -3 - O + 4P
b, B, 8,
L] L]
- ey 3—-105+85M-17M+M (3.22)
g, Y B, bz g3 '

Now, by G1) 8;5=0 (¥ )and thus, Lep (M 4, P )= 0 (e2/%).
To fimish we come bac k to (3.16), tak e into accoun t (3.20) and the previous  results  for

the eigen values of the op erators to find out that

i -
JOEEANE S ()

is a solution  of the equation  (3.16) up to order €. W e conclude Dby writing  the expansion of

the stationary solution

0 0 [0

2
F5(u) = Iy (v) 1+ 46230 zlvel PO (eY) .

No w, we use the self-similar  relation  (2.12) to obtain  the main  result of this pap er.

Theoren IT1.L The steady state f7, for (L5 , up to order g¥, is given by
U] ] ([IT]
f5, ()= gl ) 1eaes @ MU
[N (V) R L (P)(V U) €9 20, (p) (E )
with
0, Qs O, O
B, = = —F
O v

and 81(2,)2 given by formula  (3.18)
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V. HEA T BA TH  WITH FRICTION

e m y also include  friction on the nparticles  betw een collisions  assuning that the par-
ticles are in some  sort of surrounding heat bath with a fixed finite temp erature 6. In this

case, the paths of the nparticles are govemed Dby the Langevin equation

where  T( t) is a white  noise sto chastic  force with  indep enden t, iden tically  Caussian dis-
tributed  pro cesses of varince  F , that s, OO( t),F( tYCE 2F §(t- tHwith F = %L and 1> 0
the relaxation  time corresp onding  to the damping force. The Fokk er-Plac  k op erator  reads

o w as
) o1
Li, f = T—dlvv(vf+ B, 00,f) .

In this case, we can perform the same  computations as before and the temp erature  dissipa-

tion equation b ecomes
2 2
O Y AL et P 41
1 Ve 1 b ( )

Also, the mean  velo city isno longer preserv ed and is dissipated  according  to u (t) = e'%u(O).
The  equilibrium poin tcorresp onds to a possible steady state f)owith zero mean  velo city

where B, (p) is given by the unique  positiv e solution  of the equation

B, B+ ;—yge“z. t2)
This  temp erature is globally  asymptotically stable  for the evolution of the OE  (4.1). In
this case we do not havea sinple relation between f7 and the nomalized fs.

The same  expansion pro cedure can be applied  to this op erator.  The main  dilerences are
that wedo not have a relation @& (2.12) to reduce the computation to f°and the computation
of L, (N 4, ()P ) with P given by

[] ]
v [’ 3 5 - 10 IVIZ+ v
26. (p) 2 8. (p) 8. (p)?

13
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The first one is easily solv ed by directly  expanding fo. Now, we conpute

O
] |V|2[|:| [l [l 28, [l

b (p) m - - 7
n P 3 2 1 Gw(p)+VI 0 (0) O,P + 6,0 ,P

Lis (o, )P )=

(49)

Now, by (42) wehave®, (p)= 6y+ 0 (¢)and therefore,  we can estimate  the righ t hand
side of (43) as

I I
e; 0 (e)- vO,P + 8y P )= -4%P £ 0 (e)
th us,
2 - 4
Lep (oo P )z - Ao P +0(6)
As a consequence, the  expansion for the steady state in this case s
O o, 00
Wl 1reh 8
p » P 1/2 29, (P)
With

0 O
Cs o T8 (p)B. (p)+ 3

T8 (p)8. (p) ’

6. (p) being the unique  solution  of
bz B4 oy

and 81(2,)2 given by form ula (3.18).  Formally , we reco ver Theoren [ by taking  the linit

T- o ,8y- o insichaway that F = e—}remains constan~ t.

V. CONCLUSIONS

e have found that a reduced  mo del to the inelastic  harc-Spheres Boltznann-Ensk 0
equation, has  stationary isotropic  homogeneous solutions ~ for small ~ energy  dissipation D er-
turbations. These  solutions  are explicitly ~ given and they moust be, to quadratic order,

14



Waxw ellian distributions n ultiplied by a factor given by the second  Sonine  p olynonial ev al-
uated at the temp erature  of the Maw  ellian. The second  Sonine  p olynomial IS related  to
the second  eigen valve of the linearized  classical  Boltznamn elastic op erator.  Moreo ver, we
ha ve obtained  rigorously  the equation  for the temp erature  of the steady state (2.10).

Though our work has been strongly  motiv ated by the W sim ulation of a 2D hard-
spheres — mo del in a finite box [L], we p erformed it in 3-D. Th us, our results are not directly
conparable to those in [1]. Nev ertheless, it repro duces  qualitativ  ely the dilerence of the
steady  state  distribution function  with  resp ect to a Naw ellian as sho wn in [1], fiure 3.
Woreo ver, figures 1 and 2 sho w that form ula (2.11) agrees  very well with the molecular
dynanics sin ulation.

let us finally remark  that very recen t pap ers [l4- 16], dealing  with  the homogeneous
inelastic  hard-spheres Boltzmann-Ensk og mo del unifornly heated by a bath, sho w that
there can be solutions  given by Maw  ellians n ultiplied by a factor dep ending on the second
Sonine  p olynonial. In these pap ers dileren t additional assumptions are made  in order to
conpute this factor dep ending on the energy  dissipation rate. One one hand, the presen t
pap er sho ws a more  rigorous  approac h to fid an appro  ximation to the steady  solution  for
the  pseudo-naxw ellian m del sho wing that it must be a Naw  ellian distribution mo  dified
by a fator con taining  the second  Sonine  p olynonial. Ho wever, these pap ers sho w that
the o elcien t corresp onding  to this p olynonial correction IS not  necessarily positiv e as a
function ~ of the energy  dissipation rate. This ma y indicate  that a solution  for the stationary
inelastic  pseudo-maxw ellian mo del migh tbe better appro ximated by a double  expansion in
energy  dissipation rate at all orders and higher  order  Sonine  p olynomials as well. Also, the
validit y of the pseudo-maxu ellian mo del should  Dbe examined. These  tasks are presen tly

under  way.
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VI, APPENDIX

Here, we calculate (3.7 and (3.8) in order to replace in (3.1L).  First from  (3.7), using

(V,V ) co ordinates

] [] y [] []
1 _ y IV |n
e (V- ) O 0y, (27, = 0 v+ —— dvd & . (1)
8“ R3x R¥x §2 2 2
_ | _
Siee Ol g, ( 2V )= - 250y (27 ) we have
0 o
;U o v IV |n
We, ( 2V )y, = (V7= V|ren)p v+ —— drd
4H9m R3x R3x §2 2 2

(6.2

No w, considering spherical o ordinates V= [V |k with k IS ?, sw apping  the roles of k and
n, interc hanging the integrals over dn by the one over dk ad rewitig Vo= |V |n, (6.2

b ecomes
] y DV L]
0, ( Z_V)M 0. 4/—2_ (Vv k- v-V)o()dvrd dk . (6.3)

ing, Rx R3x §2
The integration  with resp ect to k on S% can be perforned and the integral of the term

V -k vanishes.  Returning to (v,w ) coordinates  and takig into accom t V -V = 'V'Zzﬂ

(6.3) b econes

U
- e (W e GOCVE = e F)e () o dr (6.4)

28, Ry R3

Therefore the op erator R (M 4 N 4, ) can Dhe expressed E

1 1 1

"y o Wog, (O, (W) W )d = - T I, (VO] - 38, ) 6.5

whic h finally — giv es (3.12).
Wl e pro ceed similarly  in order to compute S (W g, M g, ). Expressing the first integral on

S in (v,V ) variables,  computing

oy _ (_ Hoy 4 -
Hoe We (27) =Wy (27) -
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and sw apping  the role of n oand Kk as done for R we have

] 0., 0O L] O
1 y Vo 1 )
i l — 27) - 1+ vy
T B Ry 52 B ? em( ) 93

O 0
IV PPkEE- 2 v Ok+ VEE§(v)dk dvdv

L
No w, perforning  the integration with resp ect to k OIS, recalling , kHidk = Sl

0
lSZV |:|

kdk = 0and o, ck = 4n and redicing  the matrices,  (6.6) b econes
m O, O [ [
1 V - N[ 2 NP 2
— — 2v) - t TN |- t A d v
y M e L (2T s TR E e e TOL

thus, rewriting  this integral in the original  co ordinates,
0
e, (VI s, (V)

[l
] |v-w|2+ V- w vt w] -l

RS 129w 12 92 - 29,
Ty (vt w)BE - )P () dv de
O ‘0
PO T8 M LA (N R B {4 O O R A
- b b B, 12 92
2 _ 2\2
e i) 49£|W D%y wyw o
No w, wehave to integrate with resp ect to w : we mk e use of the integral
O 0, 0
e, ()(v ) de = o, O EW fde ] (gng)tn g
R 0] 0 0] 5!
4 Y l 21 2
= W (O)NVEW =z W () e
3 ® 3 R3
and of the fact that the integral in w of the term v - w vanishes. Therefore, the
S (I 4, N g, ) becomes
[] U ]
L S N O L A (0 A S S
I I - - d
B (V) . Be (W) ew 39£ 99% Ivl |W I U

Taking momen  ts of Wl 4 (w) one finally pro ves (3.13). In particular

Thus, wehave chec ked our computations in the sense that the first tw o order terms

expansion of Q ¢ preserv e mass.

)

tern

(6.9)

in the
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FIGURES
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FIG. 1. Validation  of form ula (2.11) by a 3D W sin ulation. Kinetic ~ temp erature  versus

(1 _ eZ)- 2/3_
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FIG. 2. Validation  of forn ula (2.1) by a 3D W sin ulation.  Kinetic  temp erature  verss F 2/3.
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