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Abstract. Recen t analytic progress has increased demand for n umerical approac hes to the

Wigner-F okk er-Planc k (WFP) equation. W e presen t a Discon tin uous Galerkin sc heme for the WFP

equation with a general p oten tial. Estimates sho wing con v ergence and stabilit y of the sc heme are

pro vided. The sc heme is adaptable, and ma y use b oth p olynomial and non-p olynomial basis func-

tions.

Key w ords. Wigner-F okk er-Planc k, discon tin uous Galerkin

AMS sub ject classi�cations. 65M12, 35Q40, 65M60, 81V10, 65M15, 65Z05.

1. In tro duction

W e prop ose a Discon tin uous Galerkin (DG) metho d in order to n umerically ap-

pro ximate the solution to the initial v alue problem for the time dep enden t Wigner-

F okk er-Planc k (WFP) equation giv en a general smo oth p oten tial V(x) , p osed for

(x;k ) 2 R2d
, t 2 R+

wt + k � r x w+� ~ [V ](w) = Q~ ;F P (w) : (1.1)

The righ t hand side Q~ ;F P (w) mo dels the a v eraged en vironmen tal in teractions with

the system and is referred to as the Quan tum F okk er-Planc k op erator. The op erator

� [ V ] is a pseudo-di�eren tial op erator and tak es in to accoun t the nonlo cal action of

the p oten tial V .

In this pap er w e prop ose a Discon tin uous Galerkin appro ximation for the ab o v e

problem. The computation applies to a wide range of appro ximation spaces and do es

not rely on a basis of p olynomials. W e presen t also estimates sho wing con v ergence and

stabilit y of the sc heme. The Discon tin uous Galerkin (DG) approac h prop osed here

pro vides sev eral opp ortunities to optimize the appro ximation space. In particular, the

use of non-p olynomial basis functions, as prop osed b y Y uan and Sh u in [28 ], allo ws for

impro v emen t o v er mesh re�nemen t, increased p olynomial order, and global or lo cal

basis set adjustmen ts. The metho d is suitable to b e adjusted to unstructured grids

in space and time. The basis set ma y b e a priori or adaptiv ely optimized, dep ending

on the sp eci�c circumstances of the calculation. T ak en to the extreme, this allo ws the

metho d to transition from a traditional DG solv er to an essen tially sp ectral solv er. F or

example, to study p erturbations of the harmonic p oten tial one could use the kno wn

eigenfunctions of the harmonic case.

1.1. The mo del and related analytical results. Equation (1.1) is a

kinetic quan tum mo del for c harge transp ort, used, for example, in the description of

quan tum Bro wnian motion, quan tum optics, and plasma ph ysics [12 , 14 , 13 ]. The

function w(x;k;t ) is the Wigner tr ansform of the densit y matrix � (x;y;t ) [27 ]. It is
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636 A DG METHOD F OR WIGNER-F OKKER-PLANCK

a quasi-probabilit y function, whic h ma y tak e on negativ e v alues, and its zeroth and

�rst momen ts with resp ect to k pro duce, resp ectiv ely , the nonnegativ e c harge and

�ux densities asso ciated with � (x;t ) ,

� (x;t ) =
�

Rd
w(x;k;t )dk;

j (x;t ) =
�

Rd
kw(x;k;t )dk:

The Quan tum F okk er-Planc k term is a di�usion op erator de�ned b y

Q~ ;F P (w) = Dqq� x w+2 
 div k (kw)+2
Dpq

m
div x (r k w)+

Dpp

m2 � k w: (1.2)

The non-lo cal pseudo-di�eren tial op erator � [ V ] is de�ned as

� [ V ](w)= �
i

~(2� )d

�

R2d
� ~V (x;� ) w(x;k 0) ei� � (k � k 0) dk0d�; (1.3)

with

� ~V (x;� ) = V
�

x +
~
m

�
2

�
� V

�
x �

~
m

�
2

�
: (1.4)

The co e�cien ts Dqq , 
 , Dpq , and Dpp are constan ts that dep end on sev eral ph ys-

ical quan tities. Sp eci�cally ,

Dqq =
� ~2

12m2kB T

 =

�
2m

Dpq =
� 
 ~2

12�mk B T
Dpp = �k B T;

where ~ is Planc k's constan t, m is particle mass, and kB is Boltzmann's constan t.

The op erator is deriv ed from a heat bath of harmonic oscillators, where T is its

temp erature, � is the coupling constan t, and 
 is the cut-o� frequency . The constan ts

satisfy the Lindblad condition: DqqDpp � D 2
pq � ~2
 2=4, or equiv alen tly 
 � kbT=~.

These conditions guaran tee the quan tum mec hanically correct ev olution of the system

and con v ergence to the classical F okk er-Planc k dynamics from sto c hastic calculus as

~! 0. The reader is referred to [6 , 12 , 21 , 25 ] for more details. In the follo wing

sections w e actually w ork with the dimensionless v ersion of the problem, although

w e use ph ysical constan ts for the n umerical sim ulations (sp eci�c v alues are noted in

Section 4).

One ma y in terpret the WFP equation as a quan tum Liouville equation equated

to an in teraction op erator Q~ ;F P of F okk er-Planc k t yp e. When Q~ ;F P := 0 , (1.1) de-

termines the time ev olution of an isolated quan tum system under the in�uence of a

p oten tial V(x) . This is equiv alen t to solving Sc hrö dinger's equation, but the solution

is a function of the 2d-dimensional phase space of the original problem. Despite in-

creasing the dimensionalit y of the problem, the WFP equation o�ers the adv an tage

of coupling the quan tum system to its en vironmen t through Q~ ;F P . Sp eci�cally , (1.2)

mo dels the en vironmen tal in teraction as a heat bath of harmonic oscillators [6].

It is kno wn that in the semi-classical limit, ~! 0, the in teraction op erator formally

con v erges to Q0;F P = � k w+ div k (kw) , while the pseudo-di�eren tial op erator simpli-

�es to � ~ [V ](w) ! �r x V �r k w . In particular, this limit yields the classical Vlaso v-

F okk er-Planc k equation with degenerate di�usion. Moreo v er, in the sp ecial case of the
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harmonic p oten tial, V(x)= 1
2 jx � aj2 with a constan t, the pseudo-di�eren tial op erator

of (1.3) has the same form as the classical acceleration term and can b e rewritten,

�[ V ](w)= � (x � a) � r k w for all ~> 0: (1.5)

This pro vides a basis for comparison b et w een the full WFP dynamics and kno wn

prop erties of the classical di�usion equation whic h w as analyzed in [25 ]. This com-

parison results from balancing the classical transp ort op erator for linear acceleration

with the quan tum corrected di�usion op erator Q~ ;F P de�ned in (1.2).

Numerous analytical results concerning the existence of lo cal or global in time

solutions to (1.1) are a v ailable, in the linear and nonlinear cases [2 , 3 , 4, 6, 8, 10 ].

In the mean �eld appro ximation, when (1.1) is coupled to P oisson's equation for the

electrostatic p oten tial

� x V(x;t ) = �
�

Rd
w(x;k;t )dk;

the nonlinear initial v alue problem has a classical solution for all time t > 0, [1 , 3 , 4].

Existence of global in time solutions asso ciated to initial and b oundary v alue

problem in one space dimension for the Wigner-P oisson system ( Q~ ;F P = 0 ) has b een

sho wn in [22 ], where the authors pro v e w ell-p osedness in C([0;1 );L 2(
 x � Rk ;(1+
k2)dxdk)) , with in�o w b oundary conditions for the b ounded spatial domain 
 x .

In addition to the lo cal or global existence of solutions, there is the outstanding

question of the existence of stationary states. F or a harmonic p oten tial V(x)= 1
2 jx �

aj2 , existence of a smo oth stationary solution to (1.1) in an y space dimension is

sho wn in [25 ]. The authors explicitly computed the unique stationary state � (x;k ) of

(1.1) for V(x)= jxj2=2. Moreo v er it w as sho wn in [25 ] that the corresp onding time

dep enden t solution, w(x;k;t ) , to (1.1) with V(x)= jxj2=2 and general initial data wI

exp onen tially deca ys in time to w ard the steady-state � .

Existence of stationary solutions to (1.1) for p erturbations of harmonic p oten tials

V(x)=
jxj2

2
+ V0(x);

is a sub ject of curren t in v estigation. A v ery recen t result sho ws the existence, unique-

ness, and con v ergence to a unique steady state, when the Lindblad condition holds,

for sub-quadratic p erturbations to the p oten tial [5 ]. Curren t in v estigation also fo cuses

on the case when V0 (x) is a smo oth regular function with con trol in its sp ectral norm.

There it is supp osed that there exists a unique steady-state, and the solution of the

corresp onding time-dep enden t problem con v erges exp onen tially to this steady-state,

with the deca y rate dep ending on the p erturbation V0(x) .

Although there has b een recen t theoretical progress on the WFP equation as

con tained in the previous references, few n umerical sim ulations are a v ailable in cases

where the in teraction op erator (1.2) is not included. Some of these approac hes in-

clude splitting metho ds for the Wigner-P oisson problem [7 , 26] and a �nite di�erence

approac h to Wigner's equation [20 ]. Also, [19 ] dev elop ed con v ergence and sp ectral

accuracy analysis of a semidiscrete v ersion of the Wigner equation b y means of a

sp ectral metho d of a p erio dic appro ximation to the solution of the problem.

One recen t tec hnique for the complete Wigner-F okk er-Planc k mo del (1.1) -(1.2) has

b een the use of con tin ued-fraction metho ds b y Garcia-P alacios and Zueco [17 , 16 ].

The solution is appro ximated b y expanding the Wigner function in a basis of Her-

mite p olynomials of the momen tum v ariable. Then a series of coupled equations for
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the ev olution of the time and space dep enden t co e�cien ts is deriv ed. By design, the

system of equations is suc h that individual equations are only coupled to their �neigh-

b ors,� and the system ma y b e solv ed b y straigh tforw ard iteration. A di�cult y arises

in the treatmen t of arbitrary p oten tials whic h ma y complicate the structure of these

equations and increase the n um b er whic h need to b e solv ed. Sharp p oten tials, suc h

as a step p oten tial, ma y b e esp ecially di�cult to realize.

F or comparison to the a v ailable analytical results, w e w ork with the dimensionless

v ersion of the problem. T o this end w e set the terms 
 = 1
2 and Dpq = 0 in (1.2), and

the corresp onding dimensionless initial v alue problem in R2d � R+
b ecomes

(
@t w+ k �r x w+�[ V ]w = � k w+ div k (kw)+� x w

w
�
�
t =0 = wI (x;k ) ;

�[ V ](w)= �
i

(2� )d

�

R2d
�V (x;� ) w(x;k 0) ei� � (k � k 0) dk0d�; (1.6)

�V (x;� ) = V
�

x +
�
2

�
� V

�
x �

�
2

�
:

These include the explicit form ulas and asso ciated deca y rates analytically calculated

in [25 ]. W e brie�y recall that the unique stationary state of (1.6) for V(x)= jxj2=2
reads as

� (x;k )=
1

2
p

5�
e� A (x;k ) ; A(x;k )=

�
1
5

jxj2 +
1
5

x � k +
3
10

jkj2
�

; (x;k ) 2 R2d; (1.7)

and the exp onen tial deca y in time of the corresp onding time dep enden t solution,

w(x;k;t ) , to (1.6) with V(x)= jxj2=2 and general initial data wI is giv en in the fol-

lo wing norm,










w � �
p

�










L 2 (R2d )

� e� �t










wI � �
p

�










L 2 (R2d )

: (1.8)

The v alue � is the largest p ositiv e constan t suc h that Hess(A) � � I � 0.

W e ha v e implemen ted the DG metho d using p olynomial and non-p olynomial ap-

pro ximation spaces in order to test its accuracy and e�ciency . The metho d is based

on a standard Non-symmetric In terior P enalt y Galerkin (NIPG) treatmen t, but the

pseudo-di�eren tial op erator �[ V ](w) requires sp ecial atten tion. The form presen ted

in (1.3) is ill-suited for n umerical implemen tation. Practical represen tations of the

op erator are giv en, and the c hoice of whic h represen tation to use dep ends on the form

of the p oten tial. The v arious represen tations allo w the metho d to accommo date a

wide range of p oten tial functions. Harmonic and sin usoidal p oten tials ha v e compact

exact represen tations whic h ma y b e e�cien tly implemen ted. Also, metho ds for a few

basic forms of the p oten tial are quic kly extended to linear com binations of the forms.

The pseudo-di�eren tial op erator �[ V ] has b een the main obstacle to b oth ana-

lytic and n umerical studies of Wigner's equation. W e implemen t three metho ds for

ev aluating �[ V ](w) in sim ulations. One is a general metho d, and the other t w o are

e�cien t metho ds for sp eci�c forms of the p oten tial V . It is di�cult to w ork directly

with the represen tation (1.3) in the DG framew ork b ecause it doubles the degree of

in tegration and although the o v erall in tegral is real v alued, this is brough t ab out b y

oscillatory cancellations (of course one need not explicitly ev aluate the imaginary part,
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ho w ev er, the real part is required and su�ers the same oscillations). The e�ciency and

accuracy of the metho d can b e greatly impro v ed b y �nding alternate represen tations

for �[ V ](w) .

Of particular in terest are p erturbations of the harmonic p oten tial,

V(x)=
jx � aj2

2
+ V0(x):

T o treat non-harmonic p oten tials (i.e., the p erturbation V0 ), w e use alternate

represen tations of �[ V ]. The basic approac h is to tak e adv an tage of the w ell kno wn

prop erties of the F ourier transform to rewrite the pseudo-di�eren tial op erator in con-

v olution form,

�[ V ](w) = �
i

(2� )d

�

Rn
�V (x;� )F [w](x;�;t )exp[i� � k]d�

= �=
�
F � 1 [�V ](x; �)

�
� w(x; �;t); (1.9)

where w e denote the F ourier transform in the v ariables k0
and � b y

F [' ](� ) :=
�

Rd
' (k0) e� ik 0� � dk0

and the imaginary part of a v alue z with = (z) . The function �V is a real v alued

o dd function in � , th us the real part of F � 1 [�V ] is zero. The expression is linear

in w , real v alued, and the degree of in tegration has b een reduced. Giv en F � 1 [�V ] ,

n umerical ev aluation of the con v olution form ula is practical. This is a metho d used

for ev aluating non-harmonic p oten tials. The �nal metho d is for the sp ecial case that

the p oten tial consists of a linear com bination of sin usoidal functions. The in v erse

F ourier transform pro duces delta functions whic h simplify the con v olution form ula.

This metho d is quite useful not just for p oten tials whic h are in F ourier series form,

but also for p oten tials whic h can b e lo c al ly appro ximated with sin usoidal functions

(this includes p olynomials). These metho ds allo w us to treat man y forms of p oten tial

functions, and sev eral examples app ear in Section 4.

The pap er is organized as follo ws. Section 2 in tro duces the DG metho d for a

general appro ximation space and our implemen tation for the WFP equation. Section 3

then presen ts estimates related to the con v ergence and stabilit y of the metho d. These

pro vide a basis to ev aluate the resulting n umerical metho d. Section 4 con tains sev eral

n umerical results whic h demonstrate agreemen t with kno wn results from analysis, and

additional results whic h go b ey ond the class of problems found in curren t analytic

w ork. Section 5 con tains concluding remarks, including an indication of ho w the

a v ailabilit y of n umerical sim ulations can and is b eing used to assist analytic progress.

2. Implemen tation of the DG metho d

The analytic results to whic h w e w ould compare our n umerical sim ulations are

deriv ed in all of R2d
, but w e m ust compute on a �nite domain. Numerically w e will

compute the solution of the WFP equation in a b ounded domain with zero Diric hlet

b oundary conditions for b oth the x and k v ariables.

In this section w e w ould lik e to justify the c hoice of the b oundary conditions,

sho wing that if the computational domain is large enough, the di�erence (in a certain

norm sp eci�ed later) b et w een the solution of the b oundary v alue problem and the

one in the whole space do es not increase with time, but sta ys small for all times.
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W e pro ceed follo wing the same approac h presen ted in [15 ] for the analysis of the DG

metho d for the linear Boltzmann equation.

First note that if the WFP in the whole space admits a stationary solution, � (x;k )
(e.g. (1.7) for the harmonic p oten tial), whic h is in tegrable in R2d

and normalized to

unit y , then

k� k
L 2

� (
)
= k� k1=2

L 1 (
)
; (2.1)

for an y arbitrary set 
 , where

kf k2
L 2

� (
)
:=

�




f 2

�
dx:

F or arbitrary � > 0, let 
 � � R2d
b e a set suc h that

�

R 2d n
 �

j� j < �: (2.2)

Essen tially , the set 
 � is not �v ery big,� b ecause w 2 L 2
� means that w2

deca ys quic kly

and is still in tegrable when m ultiplied b y � � 1(x;k ) .

W e remark that, in addition to the harmonic case where (1.8) holds, the estimates

in this section can b e carried o v er for other p oten tials V(x) under the assumption that

there exists a unique stationary state � 2 L 1(R2d) and the follo wing inequalit y holds

kw(x;k;t ) � � k
L 2

� ( R2d )
� g(t)kwI � � k

L 2
� ( R2d )

; (2.3)

for an y initial state wI , where g(t) is a p ositiv e and b ounded function suc h that

lim t !1 g(t)= 0 .

No w w e estimate the solution w in the cut-o� domain 
 � . Since the solution

w(x;k;t ) of (1.2) is uniformly con trolled in time and stable with resp ect to wI (see

(2.3)), w e can estimate the L 2
� (
 � ) -norm of the solution as follo ws:

kwk
L 2

� (
 � )
� g(t) kwI � � k

L 2
� ( R2d )

+ k� kL 2
� (
 � ) � K ;

where the constan t K is uniform in time. Similarly ,

kwkL 2
� (R2d n
 � ) � g(t) kwI � � k

L 2
� ( R2d )

+ k� kL 2
� (R2d n
 � ) = Cg(t)+ � 1=2 ;

uniformly in time, where C = kwI � � k
L 2

� ( R2d )
, and k� k

L 2
� ( R2d n 
 � )

� � 1=2
.

Since lim t !1 g(t)= 0 , there exists a time T �
suc h that Cg(T � ) = O(� 1=2) . The v alue

T �
dep ends on the distance, in the L 2

� -norm, b et w een the initial and stationary states,

and on the deca y rate g(t) . Consequen tly , for all t > T �
it holds that

kwkL 2
� (R2d n
 � ) � O (� 1=2):

Th us b y c ho osing the domain 
 � big enough, whic h means 
 � con tains almost

all of the total mass of the initial datum wI and of the stationary states � , then

(at least computationally , w ell b ey ond mac hine accuracy) the solution of the Cauc h y

problem w at the b oundary of 
 � will b e zero, with zero deriv ativ es, and the asso ciated

ev olution problem will essen tially b e con�ned to the domain 
 � .
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T o the b est of our kno wledge, there is no a v ailable analytical result at the presen t

time to rigorously justify this last statemen t, whic h is an assumption for the initial

b oundary v alue problem under consideration and the corresp onding one in all space.

W e remind the reader that the ab o v e estimates do not pro vide a p oin t wise con trol

of the solution to (1.2) outside the domain 
 � , but giv e a nice estimate in the L 2
-

norm.

It is imp ortan t to note that this approac h is in tended to heuristically justify the

selection of the computational domain. Ho w ev er, the calculation of error estimates in

the follo wing sections are with resp ect to the solution of the initial v alue problem in

the b ounded domain.

Our aim is to pro duce a discrete appro ximation to the solution of the initial

v alue problem (1.6) in 
 � R+
, for a b ounded domain 
 with homogeneous Diric hlet

b oundary conditions. The n umerical sim ulations presen ted in section 4 use d= 1 ,

but neither the construction of the metho d nor its analysis dep end on this particular

c hoice. The computational domain 
 � R2
is the follo wing: consider 
 = 
 x � 
 k � R2

,

where 
 x := [0 ;L ] � R and 
 k := [ � K;K ] � R. The b oundaries of 
 are de�ned b y

@
 x := f (x; � K ) j 8x 2 
 x g[ f (x;K ) j 8x 2 
 x g;

@
 k := @
 0 [ @
 L :=
�

(0;k) j 8k 2 
 k 	
[

�
(L;k ) j 8k 2 
 k 	

;

and are depicted in �gure 2.1. The homogeneous Diric hlet b oundary conditions on

@
 x
and @
 k

for the asso ciated b oundary v alue problem to (1.6) are de�ned b y

w(x;K;t ) = w(x; � K;t ) = 0 on @
 x

w(0;k;t ) = w(L;k;t ) = 0 on @
 k :

2.1. Notation. The domain 
 is partitioned in to m utually disjoin t op en

subsets (or cells) 
 j = 
 x
j � 
 k

j , where the p oin t (x;k ) 2 
 , x 2 
 x
j and k 2 
 k

j . Let

hj b e the diameter of 
 j , and let h b e the maxim um diameter o v er the cells in

this nondegenerate sub division of the domain 
 N
h = f 
 j gN

j =1 . Moreo v er, let E j =

f e( j;� ) g
F j

� =1 b e the set of faces b elonging to @
 j , the b oundary of 
 j . If E j \ @
 6= ; ,

then an y face e( j;� ) 2 E j \ @
 is an exterior face, whic h will b e indicated b y writing

@e( j;� ) . Moreo v er, let E e = [ j E j n@
 b e the set of all in ternal faces, th us partitioning

the set of all faces, E h = E e [ @
 , E e \ @
= ; . T o eac h face e( j;� ) w e asso ciate an

out w ard facing unit normal v ector � ( j;� ) suc h that � ( j;� ) coincides with � on @
 .

Note that an y in ternal face corresp onds to t w o cells 
 j and 
 j 0
, so for some pairs

(j 0; � 0) , e( j;� ) = e( j 0;� 0) . Summation of faces o v er the double index w ould coun t eac h

face t wice, so sometimes it is more con v enien t to use a single index to iden tify a

particular face, ei 2 E , without reference to a sp eci�c cell. The normal v ectors are

indexed similarly , ho w ev er, face � of cell j has a unique out w ard p oin ting normal, � ( j;� ) ,

whic h is an tiparallel to the corresp onding � ( j 0;� 0) . Th us, e( j;� ) and e( j 0;� 0) ma y not b e

simply in terc hangeable in expressions whic h dep end on the normal v ectors. This is the

case (implicitly) in the follo wing de�nitions for jump and a v erage op erators: for an y

in terior face e(1 ;� ) 2 @
 1 \ @
 2 w e de�ne the jump, [�], and a v erage, f�g , of a function

f across the edge,

[f ] := f j 
 1 � f j 
 2 ;

f f g:=
f j 
 1 + f j 
 2

2
:
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!
x

k

+K

-K

L

Figure 2.1 . A schematic of the domain for d= 1 .

The follo wing iden tit y is used frequen tly ,

[fg ]= [ f ]f gg+ f f g[g]: (2.4)

Another notation used at cell b oundaries denotes the up wind v alue of a function f ,

f " = f j 
 1 � [� � � k > 0] + f j 
 2 � [� � � k < 0] ;

where � [� ] is the c haracteristic function and sign (� � � ) determines the up wind direc-

tion.

The discrete appro ximation wh is an elemen t of some appro ximation space V .

The appro ximation spaces used in this w ork are pro duced b y basis functions � (x;k ) ,

whic h are themselv es pro ducts of primitiv e basis functions ' (x) and  (k) . Eac h basis

function is compactly supp orted on a single cell, and all primitiv e basis functions

(and therefore their pro ducts) are m utually orthogonal. The orthogonalit y of the

basis functions is a purely practical consideration, and not a requiremen t of the DG

approac h. The appro ximation spaces used in the sim ulations presen ted in Section 4

(where d= 1 ) are,

Vp
P := span

n
� ( j;m ) (x;k )= ' (x) (k)

�
� ';  2 P p


 j

o
;

VT := span

�
� ( j;m ) (x;k )= ' (x) (k)

�
� ';  2 f 1;sin(! (s� � )) ;cos(� (s� � ))g

	
;

Vp
H := span

n
� ( j;m ) (x;k )= ' (x) (k)

�
� ';  2 H p


 j

o
:

The double index (j;m ) iden ti�es the cell whic h supp orts the basis function, 
 j ,

and the m th

basis function on that cell. As with cell faces, sometimes it will b e
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more appropriate to iden tify basis functions with a single index, � n , that do es not

sp eci�cally iden tify a particular cell. The functions Pp

 j

are Legendre p olynomials,

up to degree p, whic h ha v e b een shifted and scaled so that their t ypical orthogonalit y

relation holds on eac h cell, i.e.,

�

 x

j
' ( j;m ) (x)' ( j;m 0) (x)dx = � m;m 0

, and similarly for

 (k) o v er 
 k
j . In VT the frequencies ! and � are c hosen so that the width of the

cell is an in teger m ultiple of the w a v elength of the function. Finally , the functions in

H p

 j

are Hermite functions, up to degree p, whic h ha v e b een restricted ( not rescaled)

to cell 
 j and then lo cally orthogonalized using the Gram-Sc hmidt pro cedure. With

resp ect to an y appro ximation space, w e write w�
A to denote the con tin uous in terp olan t

of w in VA \ C0(
) .

2.2. Implemen tation. The function wh appro ximates w and is a linear

com bination of the elemen ts of VA . The computational task is to calculate the time

ev olution of the expansion co e�cien ts, cn (t) ,

w(x;k;t ) � wh (x;k;t ) =
X

n

cn (t)� n (x;k ):

W e rewrite (1.1) as

wt = F (w):

The problem of �nding the semi-discrete discon tin uous Galerkin appro ximation to

(2.6) in a b ounded domain 
 is: seek wh (x;k;t ) 2 R+
t �V A suc h that,

wh (�; �; t) = 0 ; on @
 ; wh (x;k; 0)= PVA wI (x;k ); (2.5)

and, for all t > 0, it holds that

(wh t ; h ) 
 = ( F (wh ); h ) 
 ; 8  h 2 VA ; (2.6)

where (�; �) 
 denotes the standard scalar pro duct in L 2(
) and PVA the pro jection on

the appro ximated space VA .

The w eak form ulation b ecomes,

X

n

d
dt

cn (t)( � n ; h ) 
 =

 

F

 
X

n

cn (t)� n

!

; h

!




:

Cho osing  h = � p , a decoupled system of ODEs for the time dep enden t co e�cien ts

cp(t) is pro duced (rev ealing the practical reason for using m utually orthogonal basis

functions),

d
dt

cp(t) =
(F (

P
n cn (t)� n ) ;� p) 


(� p; � p) 


= ~Fp(c(t)) ; 8k:

A standard third-order total v ariation diminishing Runge-Kutta metho d is used to

solv e this system [11 , 18 , 24 ],

c(1) = ct +� t ~F (ct );

c(2) =
3
4

ct +
1
4

c(1) +
1
4

� t ~F (c(1) );

ct +� t =
1
3

ct +
2
3

c(2) +
2
3

� t ~F (c(2) ):
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The righ t hand side,

~F (c(t)) , is discretized as follo ws: let V(x)= 1
2 jxj2 + V0(x) , where

V0(x) 2 W 1
1 (Rd) . Equation (2.6) can b e rewritten as

�



@t wh  h dx +(�[ V0](wh ); h )L 2 (
) = ( Lw h ; h )L 2 (
) ; (2.7)

where L is the linear op erator

Lw := � k � r x w+ x �r k w+2 div k (kw)+� x w+� k w:

The alert reader will recognize (1.6), but with a factor of t w o in fron t of the div ergence

term. In the analysis w e use the factor of 2 to b e consisten t with previous w orks, but

in the n umerical sim ulations w e c hange this v alue to 1. The analytic stationary state

rep orted in section 1 coincides with the v alue 1, and is the stationary state whic h will

b e used for comparison in the n umerical section. In this and the next section w e will

use the v alue 2. The bilinear expression for Lw and the test function is

(Lw; )L 2 (
) =
X


 j 2 
 N
h

(w;� � r  ) 
 j �
X

ei 2 E e

hw" [ ]; � � � i i ei

�h w ;� � � i @
 �
X


 j 2 
 N
h

(r  ; r w) 
 j

+
X

ei 2 E e

h[ ];fr w � � i giei �
X

ei 2 E e

h[w];fr  � � i giei

+ h ; r w � � i @
 �
X

ei 2 E e

1
jei j

h[w];[ ]i ei ;

with � := ( k; � x � 2k) , r :=
� r x

r k

�
, and jei j denotes the length of the face ei . The

pseudo-di�eren tial term is

(�[ V0](w); )L 2 (
 h )

= �
i

(2� )d

�


 h

 (x;k;t )
� �

R2d
�V0(x;� )w(x;k 0;t)ei� � (k � k 0) dk0d�

�
dxdk:

In order for the nonlo cal op erator �[ V0] to b e w ell de�ned, the function wh is mean t

to b e extended to the whole space in the v ariable k b y the v alue zero.

The notation h�;�i ei represen ts the in tegration of b oundary terms o v er a cell face

follo wing in tegration b y parts in x or k . The Diric hlet b oundary conditions (2.5)

of the problem are enforced for the b oundary terms hw ;� � � i @
 and h ; r w � � i @


through the iden tities

hw ;� � � i @
 =
1
2

hw ;� � � i @
 ;

and

h ; r w � � i @
 = h ; r w � � i @
 �h w;r  � � i @
 :
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The w eak form ulation of the problem is:

(@t wh ; h ) 
 �
X


 j 2 
 N
h

(wh ; � � r  h ) 
 j +
X

ei 2 E e

hw"
h [ h ]; � � � i i ei +

1
2

hwh  h ; � � � i @


+(�[ V0](wh ); h ) 


= �
X


 j 2 
 N
h

(r  h ;r wh ) 
 j +
X

ei 2 E e

h[ h ];fr wh � � i giei �
X

ei 2 E e

h[wh ];fr  h � � i giei

+ h h ;r wh � � i @
 �h wh ;r  h � � i @
 �
X

ei 2 E e

1
jei j

h[wh ];[ h ]i ei : (2.8)

The basic in tegrals, those actually computed n umerically , are determined b y selecting

the elemen ts of f � pg as test functions. Let f � pg b e a test function with supp ort in

the cell 
 j , then

(wh ; � � r � p) 
 j
=

X

n 2 
 j

cn (� n ; � � r � p) 
 j
;

hw"
h [� p]; � � � i i ei = � ei 2 @
 j

X

n 2 @
 j

cn h(� � � ) � "
n ; � p i ei ;

h[wh ];fr � p � � i giei =
� ei 2 @
 j

2

X

n 2 @
 j

cn h� n ;r � p � � i ei ;

h[� p];fr wh � � i giei =
� ei 2 @
 j

2

X

n 2 @
 j

cn hr � n � �; � p i ei ;

(r � p;r wh ) 
 j =
X

n 2 
 j

cn (r � n ;r � p) 
 j :

The notation n 2 
 j indicates that the sum is only o v er the basis functions � n whic h

ha v e supp ort on cell 
 j . While m utual orthogonalit y is no longer exp ected ( � dep ends

on k and w e ha v e di�eren tiated), a pair of basis functions still m ust share the same

supp orting cell to pro duce a nonzero in tegral. Similarly , in the second expression, the

functions � n and � p m ust b e supp orted on cells whic h share a face, n 2 @
 j . The face

in question, ei m ust also b e one of the faces of @
 j , indicated b y the term � ei 2 @
 j ,

whic h is 1 if this is true and 0 otherwise. In the next section, there is also reference

to n 2 
 j (p) , meaning the set of all n suc h that supp� n \ supp� p 6= ; giv en � p .

The WFP equation (1.1) is mass-conserving, in the sense that

�

R2d
w(x;k;t ) dxdk = const: 8t � 0:

This conserv ation prop ert y do es not hold if the problem is considered in a b ounded

domain with zero-Diric hlet b oundary conditions. The sc heme presen ted here, for (1.1)

with homogeneous Diric hlet b oundary condition, is not mass conserving. Ho w ev er if

the basis functions are piecewise constan ts, one ma y easily c hec k that the ab o v e

sc heme is mass conserving.

This prop ert y will b e sho wn in the n umerical sim ulations in Section 4.
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2.3. The pseudo-di�eren tial op erator. The pseudo-di�eren tial op erator

is ev aluated in one of three w a ys dep ending on the sp eci�c form of the p oten tial. The

simplest is the approac h used for the harmonic p oten tial. As noted in the in tro duction,

the form of the pseudo-di�eren tial op erator in this case is � (x � a) � r k w . In the DG

sc heme this term is treated analogously to the transp ort term, k � r x w .

The second approac h is to w ork directly with the con v olution form of the op erator,

�[ V ](w) = �=
�
F � 1 [�V ](x; �)

�
� w(x; �;t): (2.9)

In bilinear form, using � p as the test function, all of the required in tegrals are restricted

to �nite in terv als

(�[ V ](wh );� p (x;k )) 


= �
X

n 2 
 x
j ( p )

cn

�


 k
j ( p )

�


 x
j ( p )

�


 k
j ( n )

=
�
F � 1 [�V ](x;k � s)

�
� n (x;s) � p (x;k ) dsdxdk:

The sum is no w carried out o v er all n 2 
 x
j (p) , whic h indicates all functions � n with

supp ort in 
 x
j (p) �

�
[ z 
 k

z

�
, that is, o v er all n suc h that the spatial comp onen t of the

supp ort of � n o v erlaps the spatial comp onen t of the supp ort of � p . Th us, the in tegral

in s is restricted b y the supp ort of � n and the in tegrals in x and k are restricted

b y the supp ort of � p . Although the in tegrals ma y b e oscillatory due to the in v erse

transform of the p oten tial, these oscillations are indep enden t of the mesh and so could

b e eliminated b y mesh re�nemen t.

This approac h is practical when the in v erse F ourier transform of the p oten tial

is a v ailable and easily in tegrated b y n umerical metho ds. Gaussian p oten tials pro vide

one useful and ob vious example. Step p oten tials (Hea viside functions) are also treated

in this manner. F or the p oten tial,

Va(x)=

8
>><

>>:

0 x < a
1
2

x = a

1 x > a

9
>>=

>>;
;

the in v erse F ourier transform of �V is,

F � 1 [�V ](x;k )= i
cos(2(x � a) k)

�k
:

Linear com binations of step p oten tials are used in section 4 to pro duce n umerical

examples in whic h w is con�ned to a bin constructed of square w alls with �nite heigh t

and width.

Finally , the con v olution approac h can b e further streamlined if there is a closed

form for the con v olution. This is p ossible for the imp ortan t case of sin usoidal p oten-

tials. The in v erse F ourier transform then pro duces delta functions, and the con v o-

lution ma y b e ev aluated immediately . Supp ose V(x)=
P

a va exp[ixa 2�=P ] ; then the

function �V (x;� ) is

�V (x;� ) =
X

a

va exp[iax 2�=P ](exp[i�a�=P ] � exp[� i�a�=P ])

=
X

a

2va exp
�
i
�

2�ax
P

+
�
2

��
sin(�a�=P ) :
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Applying the in v erse F ourier transform, one arriv es at the expression

�=
�
F � 1 [�V ](x;k )

�
=

X

a

~va(x)( � (k � a�=P ) � � (k + a�=P )) ;

where the real v alued co e�cien ts ~va(x) are

~va(x)= 2 � (= (va)cos(2�ax=P )+ < (va)sin(2�ax=P )) :

Applying con v olution,

�[ V ](w(x;k;t )) = �=
�
F � 1 [�V ](x; �)

�
� w(x; �;t)

=
X

a

~va(x)(( � (k � a�=P ) � � (k + a�=P )) � w(x; �;t))

=
X

a

~va(x)(w(x;k � a�=P;t ) � w(x;k + a�=P;t )) : (2.10)

Replacing w with wh and selecting basis function � p(x;k ) as the test function, the

basic in tegrals to b e computed are

(�[ V ](wh );� p) =
X

n 2 
 j ( p )

cn

 
X

a

~va (x) � n (x;k � a�=P ) ;� p (x;k )

!


 j

:

Note that the nonlo cal nature of the op erator means that the supp ort of � n do es not

need to b e the same as the supp ort of � p to pro duce a nonzero result. No b oundary

terms arise, but in tegration is nonlo cal, and one m ust calculate the co e�cien ts ~va (x) .

The accuracy of the represen tation dep ends on the �nite n um b er of terms that one

is able to a�ord to compute. F ortunately , man y useful p oten tials ma y b e accurately ,

ev en exactly represen ted with just a few terms. Primus inter p ar es :

V (x)= � sin(x + � )+ 
;

where � , � , and 
 , are constan ts. F or this family of p oten tials, �[ V ](w) has exact,

t w o term F ourier represen tations. Ho w ev er, ev en for functions whic h require more

F ourier terms, there is only a linearly gro wing computational cost. No additional

theoretical dev elopmen t is needed (as w ould ha v e b een the case for the di�eren tial

represen tation).

A wide range of p oten tials in the form of (1.5) ma y b e treated b y com bining

the t w o represen tations of �[ V ]. Ev en p olynomials suc h as x2
ma y b e appro ximated

lo cally using a com bination of sin usoidal terms. This example pro vides a useful test

for v erifying the n umerical implemen tation, and is included in the results in section 4.

Bet w een the sp ecial metho d for harmonic p oten tials, the con v olution metho d, and the

sin usoidal metho d, a wide range of p oten tial functions, and an y linear com bination

thereof, is a v ailable.

3. Analysis of the n umerical sc heme

3.1. In terp olation and appro ximation results. W e brie�y recall some

appro ximation results that will b e useful:
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Lemma 3.1. L et 
 h b e a simply c onne cte d subset of 
 � Rd
with h = diam (
 h ) and e

b e a fac e of 
 h with normal ve ctor � . If ph is a �nite p olynomial on 
 h ther e exists

a c onstant c, not dep ending on 
 h , such that

kph k2;e �
c

p
h

kph k2;
 h ; (3.1)

kr ph � � k2;e �
c

p
h

kr ph k2;
 h ; (3.2)

kph kH 1 (
 h ) �
c
h

kph k2;
 h : (3.3)

Pr o of . See [23 ].

F urthermore, for eac h f (x;t ) 2 H 2(
) and its con tin uous in terp olan t f �
P (x;t ) 2

VP \ C0(
) , the follo wing appro ximation prop erties hold for all t > 0 for q= 0 , 1, 2:

kf (�;t) � f �
P (�;t)kH q (
 h ) � chp+1 � qkf (�;t)kH p +1 (
 h ) ; (3.4)

k@t f (�;t) � @t f �
P (�;t)k2;
 h � chpk@t f (�;t)kH p (
 h ) : (3.5)

W e de�ne the elemen t space

VP := f ' j ' j 
 j
p olynomial of total degree less than or equal to p g; (3.6)

and denote with w�
P the con tin uous in terp olan t of w in VP \ C0(
) (note that VP is

distinct from the orthogonalized v ersion Vp
P men tioned in Section 2).

3.2. Stabilit y , consistency and L 2
-error estimates. Let V(x)= 1

2 jxj2 +
V0(x) , where V0(x) 2 W 1

1 (Rd) . Again, the w eak form ulation of the problem is

(@t wh ; h ) 
 �
X


 h

(wh ; � � r  h ) 
 h +
X

ei 2 E e

hw"
h [ h ]; � � � i i ei +

1
2

hwh  h ; � � � i @


+(�[ V0](wh ); h ) 


= �
X


 h

(r  h ;r wh ) 
 h +
X

ei 2 E e

h[ h ];fr wh � � i giei �
X

ei 2 E e

h[wh ];fr  h � � i giei

+ h h ;r wh � � i @
 �h wh ;r  h � � i @
 �
X

ei 2 E e

1
jei j

h[wh ];[ h ]i ei ; (3.7)

with 
 � R2d
and where summation o v er 
 j 2 
 N

h is no w summation o v er 
 h for

consistency with Lemma 3.1, and re�ecting the signi�cance of h . In this section w e

will mak e use of the follo wing iden tities: for all functions f 2 VP , w e ha v e

1
2

h[f 2]; � � � i e �h f " [f ]; � � � i i e = �
1
2

h[f ]2; j� � � ji e; (3.8)

where e denotes a general face, and the in tegration b y parts form ula is

X


 h

(f; � � r f ) 
 h =
d
2

X


 h

kf k2
2;
 h

+
1
2

X

ei 2 E e

h[f 2]; � � � i ei +
1
2

hf 2; � � � i @
 : (3.9)

F or the estimates b elo w, w e need the follo wing Lemma:
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Lemma 3.2. L et wh ;  2 VP b e such that wh =  = 0 outside the b ounde d domain 
 ,

and V0(x) 2 L 1
�
Rd

�
. W e have

(�[ V0](wh ); ) 
 � ckwh k2
2;
 + k k2

2;
 ;

wher e c dep ends on V0 .

Pr o of . Since the p oten tial V0 is b ounded, w e ha v e (see [22 ] and references therein)

�



�[ V0](wh ) dxdk � k �[ V0](wh )k2

L 2 (
) + k k2
L 2 (
)

� cjjV0jjL 1 (Rd ) jjwh jjL 2 (R2d ) + k k2
L 2 (
)

� ckwh k2
2;
 + k k2

2;
 :

The consistency and stabilit y of the sc heme are pro v ed in the follo wing theorem:

Theorem 3.1. L et wh (t) b e the semi-discr ete solution on VP to (3.7). F or al l T > 0
we have

kwh (T)k2
2;
 +2

X


 h

� T

0
kr wh k2

2;
 h
dt +2

X

ei 2 E e

1
jei j

� T

0
k[wh ]k2

2;ei
dt

+
X

ei 2 E e

� T

0
k[wh ]j� � � j1=2k2

2;ei
dt � k wh (0)k2

2;
 edT :

Pr o of . Use  h = wh as the test function in (3.7). Using (3.9) w e obtain

1
2

d
dt

kwh k2
2;
 �

d
2

X


 h

kwh k2
2;
 h

�
1
2

X

ei 2 E e

h[w2
h ]; � � � i ei +

X

ei 2 E e

hw"
h [wh ]; � � � i i ei

+(�[ V0](wh );wh ) 
 +
X


 h

kr wh k2
2;
 h

+
X

ei 2 E e

1
jei j

k[wh ]k2
2;ei

= 0 :

The op erator �[ V0] is sk ew-symmetric, whic h implies (�[ V0](wh );wh ) 
 = 0 .

Iden tit y (3.8) applied to the b oundary terms on the in terior edges leads to

�
1
2

X

ei 2 E e

h[w2
h ]; � � � i ei +

X

ei 2 E e

hw"
h [wh ]; � � � i i ei =

1
2

X

ei 2 E e

h[wh ]2; j� � � ji ei :

The iden tit y ab o v e implies that

d
dt

1
2

kwh k2
2;
 +

X


 h

kr wh k2
2;
 h

+
X

ei 2 E e

1
jei j

k[wh ]k2
2;ei

+
1
2

X

ei 2 E e

k[wh ]j� � � j1=2k2
2;ei

�
d
2

kwh k2
2;
 :

The thesis follo ws from Gron w all's lemma.
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Theorem 3.2. L et wh (t) b e the semi-discr ete solution in VP to (3.7) for t � 0, and

assume that wI 2 H p+1 (
) , w(t) 2 C1 (
) for t > 0. Then,

k(w � wh )(T)k2
2;
 +

1
2

X


 h

� T

0
kr (w � wh )k2

2;
 h
dt +

X

ei 2 E e

1
2jei j

� T

0
k[w � wh ]k2

2;ei
dt

+
1
4

X

ei 2 E e

� T

0
k[w � wh ]j� � � j1=2k2

2;ei
dt

� ceT

 

k(w � wh )(0)k2
2;
 + h2p � 2

� T

0
(kwk2

H p +1 (
) + k@t wk2
H p (
) ) dt

!

:

Pr o of . W e consider the di�erence in the w eak form ulation for the functions w and

wh , after decomp osing the error w� wh in to w� wh = � � � with � := wh � w�
P and

� = w � w�
P , where w�

P is the in terp olan t of w in VP . W e ha v e that

(@t �;  ) 
 �
X


 h

(�; � � r  ) 
 h +
X

ei 2 E e

h� " [ ]; � � � i i ei

+
1
2

h� ;� � � i @
 +(�[ V0](� ); ) 


=( @t �;  ) 
 �
X


 h

(�; � � r  ) 
 h +
X

ei 2 E e

h� " [ ]; � � � i i ei +
1
2

h� ;� � � i @


+(�[ V0](� ); ) 
 �
X


 h

(r  ; r � ) 
 h +
X

ei 2 E e

h[ ];fr � � � i giei

�
X

ei 2 E e

h[� ];fr  � � i giei + h ; r � � � i @
 �h �; r  � � i @


�
X

ei 2 E e

1
jei j

h[� ];[ ]i ei +
X


 h

(r  ; r � ) 
 h �
X

ei 2 E e

h[ ];fr � � � i giei

+
X

ei 2 E e

h[� ];fr  � � i giei �h  ; r � � � i @
 + h�; r  � � i @


+
X

ei 2 E e

1
jei j

h[� ];[ ]i ei = A1 + :::+ A17:

W e c ho ose the test function  = � , and emplo y the same calculations as in the previous

lemma. Also, due to the con tin uit y of � , [� ] = 0 , simplifying sev eral terms,

A6 = �
X


 h

kr � k2
2;
 h

; A7 + A8 = 0 ; A9 + A10 = 0 ;

A11 = �
X

ei 2 E e

1
jei j

k[� ]k2
2;ei

; A14; A17 = 0 :

The com bined result is,

d
dt

k� k2
2;
 +

1
2

X

ei 2 E e

k[� ]j� � � j1=2k2
2;ei

�
d
2

k� k2
2;
 h

+
X


 h

kr � k2
2;
 h

+
X

ei 2 E e

1
jei j

k[� ]k2
2;ei

= A1 + :::+ A5 + A12 + A13 + A15 + A16:
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In the follo wing estimates, w e dra w the reader's atten tion to the dep endence on mesh

size h b y using a b old faced h .

Cauc h y-Sc h w arz and the in v erse inequalit y (3.3) pro duce the follo wing estimates:

A1 � ch2p k@t wk2
H p (
) + k� k2

2;
 ;

A2 �
1
h2 k� k2

2;
 k� k2
1 ;
 +

X


 h

k� k2
2;
 h

� cj 
 j h
2p kwk2

H p +1 (
) + k� k2
2;
 :

Inequalit y (3.1) leads to:

A3 �
X

ei 2 E e

k� k1 ;ei k� " k2
2;ei

+
1
4

X

ei 2 E e

k[� ]j� � � i j1=2k2
2;ei

;

� cj 
 j h
2p + 1kwk2

H p +1 (
) +
1
4

X

ei 2 E e

k[� ]j� � � i j1=2k2
2;ei

;

A4 �
1
2

hk� k2
2;@
 +

1
2h

k�� � � k2
2;@
 �

1
2

k� k2
2;
 + cj 
 j h

2p kwk2
H p +1 (
)

A5 �k � k2
2;
 + ch2p + 2kwk2

H p +1 (
) ;

A12 �
1
4

X


 h

kr � k2
2;
 h

+
X


 h

kr � k2
2;
 h

;

�
1
4

X


 h

kr � k2
2;
 h

+ ch2p kwk2
H p +1 (
) ;

A13 �
X

ei 2 E e

�
1

4h
k[� ]k2

2;ei
+ hkfr � � � i gk2

2;ei

�

�
1

4h

X

ei 2 E e

k[� ]k2
2;ei

+ ch2p kwk2
H p +1 (
) :

Finally , using (3.2) giv es,

A15 � hk� k2
2;@
 +

1
h

kr � � � k2
2;@


� ck� k2
2;
 + ch2p � 2kwk2

H p +1 (
) ;

A16 = h�; r � � � i @
 �
1
h

k� 2k2;@
 +
h
4

kr � � � k2
2;@


� h2p kwk2
H p +1 (
) +

1
4

kr � k2
2;
 :

Altogether, w e ha v e,

d
dt

k� k2
2;
 +

1
4

X

ei 2 E e

k[� ]j� � � j1=2k2
2;ei

+
1
4

k[� ]j� � � j1=2k2
2;@
 0

+
1
2

X


 h

kr � k2
2;
 h

+
X

ei 2 E e

1
2jei j

k[� ]k2
2;ei

� ck� k2
2;
 + cj 
 j h

2p � 2 (kwk2
H p +1 (
) + k@t wk2

H p (
) ):

The thesis then follo ws from Gron w all's lemma.
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3.3. On the sp ectrum of the WFP op erator in the harmonic case.

Some kno wledge of the sp ectrum of the WFP op erator pro vides a w a y to test the

con v ergence rate of the DG metho d. When V(x)= x2=2 and d= 1 equation (1.6)

reads,

wt = x wk � k wx + wxx + kwk + w+ wkk = Lw; (x;k ) 2 R2:

The �rst eigenfunction of L , with eigen v alue 0, is � ,

� =
�

1=
�

2
p

5�
��

exp[�
�
x2=5+ xk=5+3k2=10

�
]: (3.10)

A dditional eigenfunctions can b e pro duced b y applying L to Ps(x;k )� (x;k ) , where

Ps is an undetermined p olynomial of degree s in x and k . The result is Qs(x;k )� (x;k ) ,

where Qs is a new p olynomial. By solving the eigen v alue problem Ps(x;k )= �Q s(x;k )
for the unkno wn co e�cien ts of Ps , one determines new eigen v alues and eigenfunctions

of L . Setting s= 1 pro duces a conjugate pair of eigen v alues and eigenfunctions,

� � 1 = �
1
2

�

p
3

2
i;

� � 1 =

  
3
14

�
5
p

3
14

i

!

x + k

!

� (x;k ):

W e are only in terested in real v alued solutions of the WFP problem and consider the

initial condition giv en b y the sum

� 1 = � +1 + � � 1 =
�

3
7

x +2k
�

� (x;k ): (3.11)

Note that � 1 has zero mass. If wI = � 1 , the solution to the WFP equation will con v erge

to the trivial steady state, 0, at the rate exp[� t=2].

When s= 2 , three new eigen v alues are pro duced. One of the eigen v alues is real,

� 2 = � 1; � 2 =
�

x2 + xk +
7
3

k2 �
20
3

�
�: (3.12)

The t w o remaining eigen v alues are a conjugate pair with real part also equal to -1.

Real com binations of all three eigenfunctions deca y at rate exp[� t] .

Another exp ected rate of con v ergence w as describ ed in equation (1.8). The

w eigh ted di�erence, kw � � kL 2
� (
) , will alw a ys deca y at least as fast as e� �t

, where �
is the largest v alue suc h that Hess(A) � �I � 0. Numerical results exhibiting these

con v ergence rates can b e found in Section 4.1.

4. Numerical Results

The DG metho d describ ed here has b een implemen ted for d= 1 . The domain

w as partitioned in to a regular rectangular mesh. The structure of the domain,


 = 
 x � 
 k
, mak es this the natural c hoice, though in higher dimensions a more elab-

orate structure ma y b e appropriate. T o v erify the n umerical implemen tation, sev eral

tests w ere conducted using v arious p oten tials and di�eren t appro ximation spaces. In

addition to con�rming sev eral kno wn prop erties of the WFP equation, n umerical tests

w ere also p erformed whic h go b ey ond the scop e of con temp orary analysis.

F or our n umerical sim ulations w e use the equation with the ph ysical parameters,

lik e in (1.2)�(1.4). W e c ho ose ~= m = 1 and 
 = 0 .
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N L 1
abs deviation L 1 L 2

� abs deviation L 2
�

slop e = -1.781 slop e = -1.698

50 1.600e-02 3.284e-03 3.404e-02 3.894e-03

72 8.480e-03 3.079e-03 1.865e-02 3.616e-03

94 5.276e-03 3.247e-03 1.187e-02 3.867e-03

116 3.605e-03 0.499e-03 8.242e-03 0.663e-03

138 2.621e-03 3.535e-03 6.068e-03 4.255e-03

T able 4.1 . Conver genc e to the analytic ste ady state of the harmonic p otential with r esp e ct

to mesh r e�nement. A r e gular N � N grid was use d in e ach c ase. The log of k� h � � kL 1 (
) and

k� h � � kL 2
� (
) ar e r ep orte d in c olumns two and four. These values de cr e ase line arly with the log of

N . The deviation b etwe en e ach datum and a b est �t line ar r elationship is r ep orte d in c olumns thr e e

and �ve under "abs deviation." The slop e of the b est �t tr end is r ep orte d in the r esp e ctive c olumn

he ader.

4.1. V eri�cation. The �rst and most basic tests sho w ed that a n um b er of

subproblems con tained within the WFP equation are correctly solv ed. T w o of the

tests c hec k for con v ergence of the n umerical solution to the time dep enden t solutions

of the transp ort and heat equations with resp ect to mesh and basis set order. These

tests w ere successful, ac hieving the exp ected con v ergence and rates.

Those initial tests w ere trivial in that they did not in v olv e the pseudo-di�eren tial

op erator. T o test the implemen tation of �[ V ], w e v eri�ed that sim ulations con v erge at

the prop er rate to the kno wn stationary state of the WFP problem using a harmonic

p oten tial, V(x)= x2=2. The tests in this Section (4.1) w ere carried out under the

follo wing conditions: all constan ts w ere set equal to unit y , as in equation (1.6); the

computational domain and time-step used w ere 
 = [ � 10;10]� [� 10;10] and dt = 0 :001
resp ectiv ely; in order to measure the rate of con v ergence to the steady state, the initial

state is a Gaussian function, normalized and cen tered at the origin,

wI = (2 =� )exp[� 2
�
x2 + k2�

]: (4.1)

The amoun t of mass not con tained in 
 is appro ximately 7:8� 10� 9
for � , and less

than 10� 10
for wI . These v alues are m uc h smaller than other sources of n umerical

error (see the in tro duction for a discussion of the consequences of w orking in a cut-o�

domain).

The n umerical implemen tation uses one of three di�eren t approac hes to ev aluate

the pseudo-di�eren tial op erator dep ending on the form of the p oten tial. The �rst

metho d examined w as the �classical� approac h, that replaces the pseudo-di�eren tial

with (1.5) b ecause the p oten tial is harmonic.

T able 4.1 sho ws con v ergence to (3.10) with resp ect to mesh re�nemen t. The

sim ulations w ere carried out using V1
P , piecewise linear functions. Eac h sim ulation w as

ev olv ed un til a n umerical steady state, � h , w as (appro ximately) reac hed. The table

lists L 1(
) , L 2
� (
) , and corresp onding �abs deviation� v alues. The �abs deviation�

columns indicate the absolute v alue of the di�erence b et w een the data in columns t w o

and four and a b est �t linear relationship b et w een the functions log(N ) and log(err ) .

The slop e of these linear relationships is listed at the top of eac h column. The small

v alues in these columns indicate linear b eha vior, that is, exp onen tial con v ergence to

the analytic steady state as the mesh is re�ned.

In the case of the harmonic p oten tial, the steady state is unique, so w e rep eated

some of the calculations ab o v e with di�eren t initial data. One example is a com bina-
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Figure 4.1 . Density plot of the c onver genc e of a thr e e c enter e d initial state to the unique

ste ady state of WFP e quation with a harmonic p otential. The numeric al solution is essential ly zer o

in the white r e gions.

tion of three Gaussians cen tered ab out the origin,

wI =
2

3�

�
exp[� 2

�
(x � 4)2 +( k � 0)2�

]+exp
h
� 2

�
(x +2) 2 +( k � 2

p
3)2

�i

+exp
h
� 2

�
(x +2) 2 +( k +2

p
3)2

�i�
: (4.2)

Con v ergence is depicted in �gure 4.1, a plot of c harge densit y , � (x;t ) =
�

w(x;k;t )dk ,

as a function of x and t . Since densit y is a pro jection of the solution on to x and t , wI

initially app ears to ha v e only t w o cen ters due to a symmetry , whic h is immediately

brok en as the three cen ters spiral around the origin. The steady state ac hiev ed in

this calculation is � , whic h is sho wn in �gure 4.2 (using a 64� 64 grid), lab elled

�three Gaussians�. The rate of con v ergence to � is con trolled b y the sp ectrum of

the WFP op erator. Some of its eigen v alues w ere deriv ed, for the harmonic case, in

section 3.3, and a b ound on these v alues, is kno wn: � � � � 0:276: �gure 4.2 is a plot

of logkwh � � kL 2
� h

(
) as a function of time for sev eral di�eren t initial conditions. The

grid used is 64� 64, the appro ximation space is V1
P , and the remaining parameters are

those stated at the b eginning of this section. Both panels sho w the same data, but the

�rst is plotted on a shorter time-scale to highligh t the initial con v ergence b eha vior.

The rate is calculated with resp ect to the n umerical steady state, � h , as determined

b y the calculation. If the analytic steady state is used instead, appro ximation error

obscures the long term b eha vior. Con v ergence rate is the primary ob ject of in terest,

so eac h curv e in 4.2 has b een translated to in tersect the origin. Results are sho wn

for �v e di�eren t initial conditions: �asymmetric,� wI = x� + � , whic h initially deca ys

at the slo w est p ossible rate, � � ; ��rst eigenfunction,� � 1 + � , from equation (3.11),

whic h initially deca ys with rate -1/2; �second eigenfunction,� � 2 + � , from equation

(3.12), whic h initially deca ys at rate -1; �one Gaussian,� equation (4.1); and �three

Gaussians,� equation (4.2). The steady state � w as added to the �rst and second

eigenfunctions so that the solution w ould ha v e unit mass and therefore con v erge to �
rather than the trivial steady state, 0, whic h cannot b e used to pro duce the w eigh ted
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L 2
norm. The traces in the �gure oscillate, but rev eal sev eral distinct slop es, rev ealing

information ab out the sp ectrum of the WFP op erator. T o further test the �classical"

Figure 4.2 . The L 2
� h

c onver genc e of the solution to the unique ste ady state (e quation 3.10)

of the harmonic p otential. The two �gur es show the same data on di�er ent time sc ales. The �gur e

on the left highlights the initial de c ay r ates using various initial c onditions, as describ e d in the text.

T o simplify c omp arison b etwe en curves, they have al l b e en shifte d to interse ct the origin. The r ate

of c onver genc e c an b e no slower than exp(� �t ) wher e � = (1 � 1=
p

5)=2 � 0:276. Lines with slop es

-1/2, -1, and � � ar e dr awn, c orr esp onding to two eigenvalues of the WFP op er ator and the b ound

on the de c ay r ate.

implemen tation of the pseudo-di�eren tial op erator, sev eral runs w ere p erformed using

eac h of the di�eren t appro ximation spaces. The same parameters w ere used, but

the mesh size and appro ximation space w ere v aried. The results are listed in T able

4.2. The v ariable m is the n um b er of primitiv e basis functions used to construct
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the appro ximation space on eac h cell in the mesh, consequen tly , there are m2
basis

functions on eac h cell. F or the p olynomial and Hermite bases, m is equal to p+1 .

F or the trigonometric case, the sets of primitiv e basis functions for m = 1, 2, and 3

are f 1g, f 1;cosg, and f 1;cos;sing resp ectiv ely (no m = 4 trigonometric appro ximation

space w as implemen ted). The p erio d of eac h primitiv e trigonometric basis function

w as equal to the width of its cell, in the resp ectiv e co ordinate, x or k . The restricted

Hermite appro ximation spaces ha v e more structure, and they are describ ed in detail

b elo w.

The purp ose of these tests w as to sho w the adv an tages and disadv an tages of

v arious appro ximation spaces, so the meshes are relativ ely coarse in order to magnify

di�erences. The p olynomial basis is in fact optimal as N b ecomes large, but sub-grid

resolution can b e exploited on coarse meshes to b o ost e�ciency . As a consequence of

equation (3.7), mass is conserv ed when the appro ximation space is piecewise constan t.

This w as observ ed, up to mac hine precision, and furthermore, in all p olynomial and

trigonometric cases, the total mass w as preserv ed to at least 0.1%. Ho w ev er, the

Hermite appro ximation space do es not include piecewise constan t solutions. Hermite

functions are pro ducts of Hermite p olynomials and a Gaussian function. In these

cases conserv ation of mass w as obtained through the follo wing pro cedure: a parameter

con trolling the width of the Gaussian part of the Hermite functions w as adjusted un til

mass w as conserv ed to b etter than 0.1% after 10,000 timesteps. This parameter is

v ery similar to the � j , whic h app ear in equation (3.1) of [28 ]. Sh u has indicated to

the authors that there is not a general approac h for selecting this parameter in suc h

a w a y as to preserv e mass. That is, the appro ximation space w as optimized b y hand

to giv e go o d subgrid resolution on v ery coarse meshes.

Column one sho ws the error, k� h � � kL 1 (
) , and column t w o sho ws the log (base

10) of the w eigh ted L 2
� norm. Essen tially , column one giv es the absolute error, and

column t w o measures the qualit y of the solution in a relativ e sense. There is a clear

trend of impro v emen t as the mesh and basis set are re�ned for the p olynomial ap-

pro ximation spaces, with one exception. In the piecewise constan t case, the N = 16
grid is b est. A piecewise constan t basis is actually unsuitable for this problem, for

example, b ecause the con tribution from the second order terms in the F okk er-Planc k

op erator are eliminated, and the solution fails to con v erge to � , b ecoming tigh tly

p eak ed around the origin. The trigonometric appro ximation spaces also fare p o orly .

Qualitativ ely , they pro duce a p eak whic h is to o �at and broad.

Hermite functions are the eigenfunctions of the quan tized Hamiltonian with a

harmonic p oten tial (see for example [9]), and are v ery similar to the eigenfunctions

of the WFP equation (see the discussion of �gure 4.2). That is, the appro ximation

space is made of functions v ery similar to the desired solution. The result is a go o d

solution ev en on the N = 2 mesh. As more Hermite functions are added and the mesh

b ecomes coarser, the metho d is nearly a sp ectral solv er in a cut-o� domain.

4.2. Calculations for p erturbations of the harmonic p oten tial. The

next c hallenge is to v erify the implemen tation of the con v olution based metho ds for

ev aluating the pseudo-di�eren tial op erator acting on the p erturbation p oten tial, where

the only (non-trivial) analytic solution is for the harmonic p oten tial. There is already

a go o d approac h for harmonic p oten tials, and b ecause the in v erse F ourier transform

of the harmonic p oten tial is a distribution, it is not p ossible to simply insert it in to

the con v olution based n umerical calculations used to ev aluate �[ V ](w) . Ho w ev er, the

harmonic p oten tial can b e appro ximated lo cally , i.e., ev erywhere within the cut-o�

domain, b y a simple com bination of sin usoidal functions. In all subsequen t calcula-
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k� h � � kL 1 log10

�
k� h � � kL 2

�

�

Vp
P m Vp

P m

N 1 2 3 4 N 1 2 3 4

2 2

4 1.485 0.484 0.278 0.198 4 11.866 10.357 9.002 8.547

8 0.970 0.178 0.109 0.023 8 10.435 6.465 4.536 3.029

16 0.356 0.106 0.044 0.003 16 7.125 0.939 -0.927 -2.186

32 0.812 0.035 0.018 0.000 32 0.275 -1.140 -1.550 -3.523

VT m VT m

N 1 2 3 4 N 1 2 3 4

2 2

4 1.486 1.920 1.318 4 11.866 11.344 11.609

8 0.970 1.263 1.102 8 10.435 11.625 10.572

16 0.356 0.419 0.916 16 7.125 9.433 8.529

32 0.812 0.772 0.748 32 0.275 3.166 6.212

Vp
H m Vp

H m

N 1 2 3 4 N 1 2 3 4

2 0.321 0.124 2 -0.301 -0.470

4 0.320 4 -0.303

8 8

16 16

32 32

T able 4.2 . A c alculation on r elatively c o arse grids shows the e�e ct of various appr oximations

sp ac es. The left c olumn r ep orts the L 1
err or b etwe en the numeric al and analytic ste ady states

(absolute err or), and right c olumn gives the lo garithm (b ase 10) of the weighte d L 2
err or (r oughly,

the r elative err or). The value m is the numb er of primitive b asis functions use d to c onstruct e ach

appr oximation sp ac e.

tions the basis used is V1
P , the piecewise linear p olynomial basis. W e stress that w e

ha v e found this is the most e�cien t one to use for �ner meshes.

4.2.1. Small sin usoidal p erturbations. The metho d for ev aluating

�[ V ](w) , where the p oten tial consists of sin usoidal functions, (2.10), w as therefore

tested b y sho wing that a sequence of non-harmonic p oten tials con v erging lo cally to

V(x)= x2=2 pro duces a sequence of stationary states whic h con v erge to the stationary

state of the related harmonic problem. The sequence of p oten tials, parameterized b y

ai , is,

V(x;ai ) = ai

�
1� cos

�
x

p
ai

��

=
1
2

x2 + O
�

x4

a2
i

�
:

The parameters used w ere the same as those used to pro duce T able 4.1. A 94� 94
mesh w as used. The calculation w as run to a steady state, and this steady state w as

compared to the same n umerical steady state whic h w as used to pro duce the third

ro w of T able 4.1. The result demonstrating the desired con v ergence app ears in T able
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ai k� a i � � h kL 1 (
) k� a i � � h kL 2
� h

(
)

10. 0 6.019e-02 7.024e-01

20. 0 2.776e-02 6.967e-02

30. 0 1.824e-02 4.173e-02

50. 0 1.094e-02 2.369e-02

100. 0 5.588e-03 1.150e-02

T able 4.3 . Conver genc e to the harmonic p otential ste ady state for the p otential, V (x;ai ) =
ai (1 � cos(x=

p
ai )) . As the p ar ameter ai incr e ases, the p otential c onver ges lo cally to x2=2, and the

numeric al ste ady state, � a i , c onver ges to the numeric al ste ady state of the pur ely harmonic pr oblem,

� h .

4.3.

4.2.2. P article in a b o x. The �nal metho d for ev aluating the pseudo-

di�eren tial op erator whic h needs to b e tested is the explicit con v olution metho d,

(2.9). This test w as qualitativ e, and similar to the w ell kno wn "particle in a b o x"

problem. Again, it consisted of setting wI equal to a Gaussian cen tered at the origin

and ev olving the solution. A com bination of Hea viside functions w as used to create a

set of four p oten tial barriers with v arious heigh ts and widths. The barriers w ere placed

on the in terv als [� 11;� 10], [� 4:1;� 4], [4;4:1], and [10;11]. The heigh t of the outer

barriers is ten times greater than the inner barriers. The outer barriers are essen tially

imp enetrable, and mean t to con�ne the solution. The inner barriers restrict, but do

not completely con tain wh as it ev olv es. The di�usion constan ts w ere Dqq = Dpp = 0 :1.

The domain w as 
 = [ � 15;15]� [� 4;4] and w as divided in to a 128� 64 mesh. The

time-step w as dt = 0 :001. The solution, after some 50,000 timesteps, is pictured in

�gure 4.3. It has not reac hed a steady state, but rather is slo wly leaking from the

cen ter b o x in to the outer b o xes. A t this p oin t, due to the relativ ely long time-step,

it b ecomes di�cult to determine whether the solution is c hanging due to n umerical

mass loss or a slo w ph ysical pro cess. The solution has clearly b een con tained b y the

barriers in a qualitativ ely appropriate manner.

4.2.3. T riple w ell. Finally , the metho d w as used to calculate the b eha vior of

an initial Gaussian in a p erturb ed con�ning p oten tial. The p oten tial used w as,

V (x)=
x2

2
+30(1 � cos(x)) : (4.3)

The p oten tial is pictured in the inset in �gure 4.4 and has three deep w ells, at the

origin and near � 2� . In this case, the initial state w as a Gaussian concen trated ab out

a large p ositiv e v alue of x and negativ e v alue of k to giv e it a rapid initial motion

to w ard the origin. A pro jection of the initial state on to the x axis is also pro vided in

the inset to �gure 4.4 (its width has b een exaggerated for the purp ose of illustration).

During the course of the sim ulation, the cen ter of mass (c harge) �o ws do wn the

p oten tial w all, and a short w a y up the other side b efore b ecoming concen trated in

t w o of the w ells. The main panel in �gure 4.4 sho ws a plot of c harge densit y in the

x;t plane (it is analogous to �gure 4.1). The total mass is preserv ed to within 10� 5

during the sim ulation. The time-step w as dt = 0 :001, 
 = [ � 20;30]� [� 35;15], and the

mesh measured 200� 200. A t an y giv en time, the total mass con tained outside the

0.005 con tour lev el (the white area) is essen tially zero. The v ertical lines at t = 33 ,

37, 41, and 45 corresp ond the snapshots of the solution sho wn in �gure 4.5. The
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(a)

(b) x = 2

Figure 4.3 . The numeric al solution to the (quasi) "p article in a b ox" pr oblem after 50,000

timesteps. The p otential c onsists of low b arriers plac e d at x = � 4 and high b arriers at x = � 10.

Most, but not al l of the solution is c ontaine d by the low b arriers. When the c alculation was stopp e d,

the solution was le aking slow ly fr om the c entr al bin [� 4;4] into the adjac ent bins [� 10; � 4:1] and

[4:1;10].
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Figure 4.4 . A plot of char ge density in the x;t plane. The solution in the white ar e a is

ne gligible. The inset shows the p otential, and a pr oje ction of the initial state (the width has b e en

exagger ate d for il lustr ation). The b old p art of the p otential indic ates the lo c ations of the c enter of

mass during the c alculation. The solution eventual ly settles into two of the thr e e de ep wel ls of this

p otential at x = 0 and x � � 2� . The four vertic al lines indic ate the p oints in time which wer e use d

to cr e ate the fr ames in �gur e 4.5.

frame at t = 33 represen ts a momen t when the solution is spilling o v er from the w ell

at x � � 2� in to the w ell at the origin. The remaining frames sho w eac h part of the

solution completing a circuit of its resp ectiv e w ell. As indicated b y �gure 4.4, the

solution settles in to these w ells and in eac h case tak es on an app earance v ery similar

to a pair of Gaussians.

A close examination sho ws that at least a small but measurable p ortion of the

solution ma y b e found in four w ells, the three cen tral w ells, and the w ell close to 4� .

A con tour map of the solution, with con tour lev els close to zero, is sho wn in �gure

4.6. Num b ers app ear at the cen ter of eac h w ell along the x axis. Also, three pairs

of horizon tal lines indicate the minim um amoun t of classical kinetic energy required

to escap e eac h of the mark ed w ells. That is, at v alues of k outside of the innermost

pair of lines, there is enough kinetic energy to o v ercome the p oten tial barrier b et w een

w ells 4 and 3. The cen ter set of lines indicates the energy needed to mo v e from either

w ell 1 or 3 in to w ell 2. The outermost pair of lines is the amoun t of energy needed to

accomplish the rev erse, escaping w ell 2. The v ast ma jorit y of the solution is con tained

within w ells 1 and 2. The mass con tained inside the 10� 3
con tour is appro ximately

0.991 (out of 1.000). The mass con tained outside of the 10� 6
con tour is only equal

to ab out 1:57� 10� 5
. While it is doubtful that the solution has reac hed a stationary

state, it is clear that it has settled in to a p ersisten t asymmetric con�guration. By the

symmetry in the equation itself, giv en initial data whic h is symmetric with resp ect

to this p oten tial, the solution will remain symmetric. This w as con�rmed b y further

sim ulations. Giv en that a stationary state to this linear problem do es indeed exist,

the asymmetric result of the calculation is most lik ely a metastable state, and that the

relaxation of this state to a symmetric steady state o ccurs on a timescale m uc h longer

than the in terv al co v ered b y the calculation. A v ery recen t w ork b y Arnold, F agnola,

and Neumann on existence, uniqueness, and con v ergence in the case of sub-quadratic

p erturbations to the harmonic p oten tial supp orts this observ ation [5 ].
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(a) t=33 (b) t=37

(c) t=41 (d) t=45

Figure 4.5 . Snapshots of the solution to the triple wel l pr oblem. These �gur es show the

solution c ompleting a cir cuit of the wel ls lo c ate d at x � � 2� and x = 0 . They c orr esp ond to the

vertic al lines in �gur e 4.4.

5. Conclusion

The utilit y of the DG metho d dev elop ed here for the WFP equation has b een

demonstrated through analytic estimates and n umerical exp erimen ts. The stabilit y

and con v ergence of the sc heme w ere established in Section 3, and n umerical sim ulation

w as used to con�rm analytic prop erties of the WFP equation in section 4. The main

c hallenge w as to pro duce an accurate and practical treatmen t of the pseudo-di�eren tial

term. The metho ds describ ed in section 2 do this in a manner that falls neatly in to

the DG formalism, and a wide range of p oten tial functions ma y b e treated. Linear

com binations of harmonic, sin usoidal, and step functions w ere demonstrated, and it is

clear ho w to apply the metho d to Gaussian and other families of p oten tial functions.

The n umerical sim ulations presen ted here demonstrated that the use of non-
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Figure 4.6 . A c ontour map of the state eventual ly r e ache d in the triple-wel l c alculation. The

solution is p ositive, and the c ontour levels ar e set close to zer o. Mor e than 90% of the mass lies

within the 0.001 c ontour, that is, within wel ls 1 and 2. Other c ontours r eve al smal l c onc entr ations

of the solution in two additional wel ls. Pairs of horizontal lines, symmetric ab out k = 0 indic ate

the amount of classic al kinetic ener gy ne e de d to over c ome the ener gy b arriers fr om wel l 4 to 3 (the

innermost p air), either wel l 1 or 3 to wel l 2 (the c entr al p air), or to esc ap e wel l 2 (the outermost

p air).

p olynomial appro ximation spaces is p ossible, but did not extensiv ely explore the p os-

sibilities o�ered b y this �exible framew ork. A p ossible impro v emen t to the metho d,

also suggested in the w ork b y Y uan and Sh u, will b e to adaptiv ely impro v e the appro x-

imation space as a computation pro ceeds. Other prop osed tec hnical impro v emen ts to

the implemen tation include expansion to three dimensions, and coupling the WFP

with the P oisson equation. One approac h migh t b e to use an FFT solv er for the

P oisson problem, whic h w ould pro duce a sin usoidal represen tation of the p oten tial

ready for use in the metho d rep orted here.
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